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ABSTITACT

A Parabollc Equatlon (PE) workshop sponsored by the Survelllance
EnvLronmental Acoustlc Support (SEAS) Project and hosted by
NORDA t s Numerlcal Modellng Dtvtslon was held at NSTL from 31
March to 3 Aprll 1981. The purpose of the workshop was to provlde
a forum for those active ln theoretlcal and applied PE develop-
ment and to compare computer results for a set of ocean acoustic
problems . Flf teen formal presentatlons Tlere glven, and thlrteen
different PE models nere exercl,sed against four test cas€s. The
test cases ranged from one that any PE should be able to handle
to one that ls a challenge for every PE. Thts report descrlbes
the results of that workshop and lncludes the theoretical bases
for the models, the nodel descrtptlons, results of the test
cases, and abstracts of the fornal presentatLons.
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NORDA PARABOLIC EQUATION WORKSHOP

I. INTRODUCTION

The advantagee of the parabollc approxinratlon (PA) Eo the elllptlc wave
equatlon for use ln obtainlng solutlons to ocean acoustlc problens were flrst nade '
known to the under'rater acoustic sclentiflc c ornrnunl ly through an AESD workshop I
(sponsoral by LMPP) on non-ray trac.lng technlques of acoustlc propagatlon nodellng
held ln May 1973. That workshop concerned ltself primarily with rtrode theory solu-
tlons to a set of test cases for range- lndepend ent environxnents, but also included
lhe Parabolic Equatlon (PE) results of IlardLn and Tappertz for those sane prob-
lens. As ls now well known, the pr lnary advantage of PE is its applicablllly to
ocean acoustlc problems with range-dependent envlrorments. See, for exanple,
TappertJ for the orlgln and hlstory of the developnent and applicatlon of PE to
various fields, especlally the ploneerlng appllcatlons of Leontovlch and Fock+.

Slnce that AESD workshop tn 1973 there has been a llteral exploslon of the
Cevelopment and applicatlon of PE to solutlons of underrrator sound problens. No
attenpt ls made ln thls report to try to lnclude what ls no!' dn extenslve PE btb-
llography. Because of advances over the last several years ln PE nodels for the
ran3e-dependent envirorunent problens ln ocean acoustlcs, the Surveillance Environ-
me,rtal Acoustlc Support Project (SEAS, NORDA Code 520) sponsored a "PE l{orkshop"
hosted by NoRDAis Nuuerlcal Modellng Dlvlslon (oSTL Code 320). The workshop was
hel.rl at NSTL fron 31 March to 3 April 1981 . ObJectlves of the workshop were to (a)
provide a forun for thoae presently active ln theoretlcal and applied PE developr0ent
to exchange ldeas, descrlbe the PE prograns, ldentlfy problens or deficlencies ln
the PE approach, and to stlnulate new ldeas and approaches; (b) compare conputer
results for a set of identlcal ocean acousttc problems; and (c) collecttvely identl-
fy range dependent envlrorunent problems that could provlde a set of benchnark Eest
CasgS. An antlcipated result of the workshop ls the identificatlon of one (or
perhaps several) PE transulssion loss model Ehat could neet the needg of the SEAS
program. Thls supported verslon would be a " state-of-the-ar t " nodel derlved fron a
conbination of the most pronlslng features of extstlng PE rnodels. The workshop was
a success ln terms of achieving objectives (a) and (b) above; however, objecttve (c)
was not achleved--there was little discussion of possible benctrmark test cases. Thls
report descrlbes the resulEs of the lrorkshop, buE does not lnclude reconnendations
made to SEAS as a consequence of lt.

The workshop was dlvidsl lnto two parts: half devoted to the test casea and
half devoteql to presentatlons of new PE developrnents. In the test problem porl{on a
brlef descrlptlon of each PE program exerclsed agaLnst the test cases was glven and
the pre,licted transmisslon loss presented. thlrteen dlfferent PE nodels were exer-
cised agalnst the te8t problems, wlth reference nonnal-node calculatlons suppLled by
the SACLANT ASW Research Centre. In the second half of the workshop, ftfteen half-
hour presentatlons on recent PE research and lnplenentaElons were glven. Attendance
at the workshop ras llnited to lnvltees. The attendees and thelr organizational
afflliatlons are given ln Table l.

Thls report addressea ltself alnost entlrely to the test caae portlon of the
workshop (Sectlons II-IX). Although the neu developrnent porElon occupied half of
the workshop perlod, lt tJas declded thai a seni-detalled expositlon of lhose presen-
tatlons was a rnaJor task and beyo nd the scope of thls report. Abstracts are, how-
ever, reproduced ln Appendix A.



Table l. Attendees and organizational affiliation

ORGAI{IZATION

Naval Research Laboratory
Naval Research Laboratory
Naval Ocean Systems Center
Plannlng Systems Incorporated
Naval Ocean Research and Development Acttvlty
Naval Ocean Research and Development Actlvlty
Science Appllcatlons Incorporated
Naval Ocean Research and DevelopmenE Acttvity
Ocean Data Systems Incorporated
Naval Ocean Research anC Development Acttvlty
Naval Ocean Systems Center
Sclence ApplLcatLons Incorporated
Sctence Appltcatlons Incorporated
Sclence Appllcatlons Incorporated
SACLANT ASW Research Centre
Naval Underwater Systerns Center
Daubin Systems CorporatLon
Ocean Acousttcs LaboraEory (NOAA/AOMI)
Universlty of Rhode Island
Bel1 Telephone Laboratorles
U. S. Naval Oceanographic Offlce
Naval Ocean Systems Center
Naval Research Laboratory
Bel1 Telephone Laboratorles
ScLence Applications Incorporated
Unlversity of Mianl
Defence Research Establlshment Paclftc (Canada)
Naval Ocean Research anC Development Actlvlty
Naval Undersea Systens Center
Betl Telephone Laboratorles
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To asslst ln the lnterpretation of reaults from the various PEte thaE were
ererclsed agalnst the teBt casea, theoretlcal bases are presented in Sectlon II fof
a generallzed PE, etandard PE, sruall nodiflcations to PE' a Co-lndepeadent PE' and
hlgher-order correctlons to PE. That sectlon ends wlEh a sunmary of the accuracy of
the varlous forme. Sectlon III discusses nuxnerlcal algorlthns for solving PE' such
as spllt-step, flnlte difference, and flntte eler0ent EechnLquee. Included as relL
are su,rnar{es of treatnnents of lnterface and boundary condltlons and techniques for
obtainlng the lntt1al fle1d. Abstracts descrlblng the PE's exercised agalnst the
test cases are glven ln APPendix B.

Gtven the groundwork that facllltates an underatandlng of the conPonent parts
of each PE and allorr8 proper perspectlve of thelr ln terrelat lonshlps , Ehe test cases
alld results are presented ln Sect tons IV-IX. Section Mlscusses the ratlonale for
the test problems and some "ground rules" for particlpants. The test cases then-
selves are addressed ln Sectlons V-VIII' and each sectlon lncludes (1) descrlptlon
of the case and lthat 1l was deslgned to test and (2) model results, analysls, and
sunmary. Theae sectlons, taken ln turn' are as follows:

SecEion V.
Section VI.
;lecLlon VII.
Section VIII.

TesL Case 1
Test Case 2
Test Case 3
Test Case 4

Range Depenrlent Surface Duct
Blllnear Proflle
Range Independent Shallow Water Environment
Basln/Slope/Shelf Configuratlon for a
Geoacoustl.cal Bot Eom.

A suflrmary of the workshop is glven in Sectton IX.

lr. FORMS OF THE PARABOLTC EqUATIONS

A. INTRODUCTION

Since there are a number of approxlmatlons to the Helnholtz Equatlon that lead
Eo what are conmonly referred to as "Paraboltc Equatlons" (PErs), lt ls lmportant at
t're start to deflne anrl dlsttngulsh the varlous forms presented at the lforkshoP'
Following Tappertrs exposltion presented at Ehe sEart of the workshgP,and also
Reference 3, we lntroduce a general-ized PE (attrlbuted to Claerbout)'o and called
"GPE" here) fron whlch the varlous PE's can be systenattcally derlved and whlch
glves a framework for identlfylng dlfferences aarong them. see also McDanlel', for
a dlscussion of splittlng oatrLces and derivations of parabolic aPproximations.

The treatrtrent here wll1 be brlef, but should help Lhe reader rrnderstand the
relatlonshlps among the varlous forns of PE. 9uch an overview thus facllltates
lnterpret3tlon of results froltr the PE nodels that itere exercised agalnst the Eest
problens.

In thls aectlon then we will derlve a generalized PE and' ln turn' derive stan-
dard PE, discuss snall modlflcatlons to PE (CMoD and CPA), outllne Che dertvatlon of
a Co-inlependent PE, derive hlgher order correctlons to PE or "htgh angle" PErs,
arr,l flnally estlnate the accuracy of the various fonns.

B. GENERA.L PE (GPE)

Ile begln by derlvlng a generallzed PE follonlng Tappert3' The acoustlc pres-
sure p(r,z! in L cyltnttrical.iy synrnetric ned1um of constant de.rsity p having a har-
rtronic polnt source at (0r25) satlsfles the followlng equation:



wtrere r ls the radlal varlable, z the depth' ko - or/C61 ro Ls the angular fre-
quency, % ls sone arbltrary reference eormd epeed, n(rrz) = Cs/C(rrz) ts the
lndex of refractlon, and p" the source strength. Eq. I ls Bolved subject to
lnterface condltlons of continulty of p and pt/p vtrere pr le the noroal der lvatlve.
A pres aure-releaee surface (p(r,0) - 0) and radlatlon boundary condltlons as z and r
go to lnflnlty are assuaed.

prr * Gr/r) * pzz+ ko2n2p = -(4r/r) ps 6(r)6(z zs),

Away fron the source we introduce the funcElon u(rrz) deflned by

, r.1p = vlr' ,

(1)

(2)

(3)

(4)

(s)

(7)

I
I
I
I
I
I
I
I
T

I
I
I
I
t
I
I
I
l
I

and rnake the far-fleld
equatlon

approximatlon kor))l to obtaln the Helnholtz far-field

urr * ur, + ko2n2u = 0 .

Definlng the operators
p=f

dr
ErIIrl

a=(+'*r+n\%Kg- dZ'

we can then write

ez *ko2Q2)rr=o .

At this potnt we w-lsh Eo "factor" the operators
Izations (see Ref. 7 for example), but we w111
Eq. 6 as

(6)

ln Eq. 5. There are varlous factor-
use that of Claerbout5 and trrlte

where

(P + ikoQ) (P ikeQ)u + ikolP,Qlu = 0 ,

[P,Q]u = PQu QPu

18 the commutator of the operatora P and Q. If the ned lum ls range lndependent, or
weakly range dependent, the conmutator can be lgnored and nlth the aasumptlon of
only "outgolng" waves we arrlve at GP'E:

Pu = ikoQu .
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(8)

wi rh

a = (1 + q,)'4

q=e+u t

and

ra2u=7-.TiTKO' dZ

It ls lnportant, flnally, to note that irr a range-dependent envlronment GPE
(and approxlnatlons to lt) has an lntrlnslc error, IP'Q]u. Conditlons under whieh
Ehe conqutator ls snall have not tiEi-?T!6?ously deiinetl, allhough Claerbout6,
Tappert3, and De Santol2 provl,le frameworks wtthln wtrich to address the problem'
Untll oore Ls learned, ugers of PErs nust be wary of cases ln whlch refractlon lndex
or boundary condltions are more than wealcly range dependent.

o STANDARD PE (SPE )

StandarC PE, whlch we rrlll refer to as SPE, is thaE PE reported by Ilardin and
Tapperr at the A.ESD workshcpz. AlEhough lt ls a first-order, snall q approxina-
rlDn, SPE has the advantage of being partlcularly anenabLe to efflclent nunerlcal
solution (vlz., the Spllt-step algorithq dlscuss below). It ls easlLy derlvei from
Eq. 8 by maklng a Taylor serles expanslon of Q

a = (1 + q,2)>, = I + (q/Z) - (q2/U + (a3ltO; +

GPE, according tr: Tappert, ls the most complete PE whlch ls evolutlonary in
range and neglecEs backscatterLng. For range-independenE envlronmenEs and only
outgoing waves lt ls exacE wlthin the tinlts of the far-field approximatlon. It
provides Ehe basis for obtainlng the varLous forms of ",narching out" PEtse i.€.1
partlal differentlal equatlons ln flrst order wtth respect to r (hence the name
"Parabolic", as opposed to the Hefunholtz Elllptic partial differentlal equation).
These forns wtl1 fo1low as a result of approxlmations to the pseuCo-differential
operator Q, whose properties preclude the solution of GPE itself.J For later
conveuience rde also \{rlEe Eq. 7 as

Pu = iko(l + 9)%u

and retalnlng only the first two terms to obtaio

Pu= iko(l+ (q/2))"

The introductlon of the envei.ope funcuton

(e)

ilG,z) = u(r,z)exp(-ikor) (10)



SPE ls thus derLveil frorc the Helnholtz f4r-fle1d equatlon by assunlng [PrQ]u = 0'
neglectlng backacatter, and neglecting q2 anil hlgher order-teros ln rhe exPanaLon
of Q = JTTd-.

In the u3ua1 alerivatlon of sPE the envelope frmctlon ls lntroduced in Eq. 3 to
yteld

P2$+21ko?V+ko2qrP=6. (13)

The P2f tern ts then neglected by naklng the "Parabollc" approxlnatton, l'e',
agsuning

learls Eo

Pil = i(koq/2)V ,

or to SPE ln a more fanlllar form

2ikovr + {zz + ko2 (n2 1) {, = 0 .

ll qll'= ll'+ullt
nust be sma1l conpared to ooe.

Modal analysls by McDantelS for a range-l-ndependent envLronment shows that
given the correct fteld aE some range Eo, the mode depth functlons for SPE are
lrlentlcal to those for the far-fleld Helnholtz eqr-ratlon. However, the phase at
range r for the n-th mode depends on ko and ls glven by

( (ko2 * kr,2) /2ko) (r ro) ,

as opposed to h(r ro) for the far-fteld Ilelnholtz equatlon. Ttte SPE phase can
also be wrttren ln terms of an equlvalent angle 0n wtth respect to the horlzon-
tal as

(11 )

(r2)
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p2o I .. I ziqr,p I

This approxlnatlon, wtlLch ln a speclal 3en8e aasures chat |y' 18 a slorly varylng
functlon of r, ls lnplted by the approxlnatlons Ll8ted above ln obEalnlng 9I,E fTo.n
cPE. For sPE to be a good approxLnalron to GPE (ln the eenee of sone no.t ll ' ll)
the neglectei terms ln the expansLon of (1 + q)l ouat be snall, l.e.'

(ko/z) (r + "o"2err) (t to) ,
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w'lre f e

k"

The ratio of the SPE mode funetion to the correct mode functlon for
tlrerefore glven by

R"p. = exp ( iTkosz (r ro) )

where

s = (sin(or,/D)2

Notice thaE the phase error in Eq. 14 depends on Ehe choice of ko' One can
select ko such Ehat the phase error is zeto for a single nodel i.€.; ko = knt
l:ul not ior al l mo.ies. If the mocles are contained ln a strf f iciently sma11 band
(1.e., the spectru! of the operator [koQ] J-s concenfrated near ko)r ko can be
sel_ected to be ln the center of Ehe band and the resultlng phase errors and their
consequences on the fielil nay be small. Thls so-called "narrow band" case ls usual--
ly lnterprete,l as a "small ang1e" restrlctloni the trorizontal conponents of Lhe true
save nunbers ko = kocoeO,r are conflned to a small band about ke' and the
eq uivale rrt ^geonet r tc rays are nearly horlzontal (9n r 0). A.s noted here and by
Fltzgerald9 and Brock, Buchal and Spoffordru the angles need nol be snall, but
rather linlted to a small aPerture so thaE kocosor, ls nearly constant. For a
wide banil the phase errorg can be large stlth slgnlflcant consequences on the fteld.

The next Ewo PE forms dlscussed (CMOD and CPA) are lntendsl to reCuce phase
errors w6ile retainlng those features of SPE which altow for ef f iclent comptlter
solut ion .

D. CI,IOD

A modlflcatlon to SPE that is deslgnel to reduce the associated phase errcrs or
llprove the narrow band llnltations has been developed by Brock, Buchal and Spof-
totalO. Thls rnodlficatLon, referred to as CMOD, is not, ln.ofar as we know, easily
rlerlvable fron GPE. SPE phase errors have been vlewed as the result of errors ln
each moders horizontal wave nunber (\), whictr can be thought of as errors ln each
rro,leta phase veloclty ("r/kn). CrfOD i.i baseC on the ldea of conatructlog a "pseuCo
problen whose (SPE) phase velocitles are equal to..Ehe elllptlc phase velocltles of
ihe correspondlng modes in the origlnal problen"rt). Thls is accompllshed by uttl-
izing the I,IKB approxtmation to tdenttfy a napping of the inodal turning poinl depths
ln tire orlglnal problem lnto the tllrnlng point depths of the same rnode 1n the pseudo
problem. Carried out exactly thls produces a zero phase error, but the depth func-
tlons are then ln error away fron the node turnlng polnts. If the naln contrlbutlDn
to the fleld of any r,node ls a! a depth ln the vlclnlty of lts turnlng Polnt, Ehen
tirls will be a srnall error and wilt be lndependent of range ln a range-in,J ePendent
envlronnent. Use of the WKB approxinatlon, however, does not reduce the phase error
to exactly zero; therefo,:e, there are s'nal1 phase errors as well as depth funcElon
errors.

the n-th ."node is

(14)

(1s)



O'!OD enploys a frequency lndependent maPping ' glven by

(n, z) + (n,y) : ((2n - t)\, zr&) ( 15)

Ittth thls oapplng the fo ro of the PE equatlon le rmchanged, 1.e., u(rry) satlsfleg

I
I
I
I
I
t
l
I
I
l

Pu=ik"r+.#trr" (17)

( 1e)

I
I
I
I
I
l
I
I
I

or ln terns of the envelope funccton

+ Vyy + ko2(rn2 l)U = o2ikour

whtch ls the same fonn as SPE given by Eq.

Ana1ysls of phase and anplitude errors
for the range-Lndependenr envlronmenE c8s€.
ttons regardlng lts use in problems havlng

(18)

L2.

of SPE uslng CMOD is eornpllcated even
See Reference 10 for detalls and cau-

lsoveloctty regl-ons.

E. CPA

Palnerll shorreil Ehat, tn a range-lndependen! enviroment, an lntegral opera-
tor applied to parareterlzed solutl.on6 of SPE ylelded a aolutLon Eo the flelnholtz
equatlon. The SPE solutlon l.as, ln fact, found to be the result of a stattonary
phase approximatlon to the lnregral. An expanslon about the Btatlonary phase polnt
ylelds a relatlon of form

Q(r,z) = {t k/D + G2/q + 'o,
+ ikor (-(q2/g) +...)
+ (Ll12) (ikor)z(q/z)'.r + .. .]v(r,z),

where ,y' le the SPE envelope and O ls the Eelnholtz equatlon envelope. Note that the
flrst alrl fourth terms llsted glve

Q(r,z) = (1 i(korq2l8)){(r,z)
= 0+ Qrl2ko)rfrr .

(20)

DeSantol2 used a slnllar, but dlffereni, LnEegral operaEor to relate iD and I for a
genetal , range-dependent envlronEent. Agaln, expanslon about the statlonary phase
polnt leads to a result much llke Eq. 19, but lnclude8 the effects of range-depend-
ent n(rrz). Desanto, Perklns, and Baer suggested uslng Eq. 20 to lnprove SPE, and
showed exanples of the lnprovementl3. This norttfied solutlon 18 termed the Cor-
recre.l Parabollc ApproxlnatlDn, or CPA, and takes the fort, at each range step,

U"(r) = U(r) + (il/2ko)i,rr{t) , ( 21)
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wher:e *(r) ls the SPE solutlon, A is the range
differ:ence approxlmation trt *tt whtch utilLzes
for detalls of the inplemenEation.

CPA can be derived tllrectly from GPE via

step, and fr..{r) is a finlte-
/(r-a), /(r), t(r+A). See Ref. 13

Ehe second-order expansion of Q:

PU s iko ( ij.lz) - (q2 /8) ) u

and the approxlmatJ-ons :

ilr, = -(ko'q,'14)u,

for qr s 0,

(22)

(23)

(24)

(25)

(26>

tor q, q2, anl q. small. Tappert enphasized at the workshop that thls nodifica-
Elon is valld only for small q, in ntrich case the correctlon le small anyway. A
phase error analysls below conflnns and quantlfles thls. He suggeste.l that a rrore
rrsetul (nore accuraEe) solutlon to second orrler ln q ls obtaloed vla Claerboutrs
ratLonal-llnear nethod (see Subsectlon G).

Modal analysls of CPA for a range-lndependenE environment leads to

R "o' = ( 1 + yz)\u*p i (2kos2 (r ro) tan-]y)

where R i-s the ratlo of the CPA mode f unction to Lhe tleLnholLz moCe f unction,

y = 2ko(r ro) (s tz)z

anl as before s = stn2(gn/2). Thus, for the Seneral case CPA conEalns an
arnplitude an-l a phase erior. rlotlce that the flrst ter:m ln the exponential ls the
SpE phase error, Eq. 14, and the seconl tenn ls a nodlflcation to that phase error.

For snall s (suall 0r,, and only the lowest-order teras ln anplltude and
ptrase), R"oa reduces to

R"p" * (1
s+o

In this evenE CPA
arrplltude error.
c.:lse) the error ls

provides a nore accuraLe Phase
Note, however, that when s ls
not sinal,l-. This 1s the case

than SPE at the
not snall (i.e.,
for any small q

+ 2ko2s4 (r t o)2) exp ( i4kos 3 (r ro) ) (27 )

expensc of a small
the "'n/ide band"

approxinatton.



F. Co-INDEPENDEM PE

As has beeq noted in sectlon C, SPEre accuracy depends on lle + pl I befne
enall. Tappert3 has ehown however that lt ls posslble to lnprov; on SiE by elther
(1) requlrlag llcll to be snal1 but relaxlng the coodLtlon on p and thereby allor'lng
wlde beanwldthe, or (2) requlrlng llpll to be enall but relaxlng the condltlon on €
and thereby allorlng large variatlons in the lndex of refractlon. TaPPert uses
fo rnal operator expansl.ons for Q that are llnear ln one of p or s and valld to all
orders Ln the other. Bls reeult for anall llpllf"

t
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Pu = ikorn. #,# - Y, + Ll"
oz

(28)

Thls ls Tappert'a Co- or kb-lndependent PE equatlon. Ttlat lt ls ko-lndependent
ls easlly seen slnce ko and n always appear ln the conblnatlon kon.

llodal solutlon of Eq. 28 for a range-lndependent envl.ronaent, to compare with
the nodal solution of the far-fleld Helnholtz equattoo, ls c@pllcated by the fact
that the depth functlons are differect, and we ehall not attenpt that analysls here.
If, houever, the z derlvatlve of n can be lgnorel, then Eq. 28 reducee to SPE and
the correeJnndtng SPE phase effors perslst.

Tappert also derives a srnall ll"ll fr, but slnce LE was not exerclsed agalnst
the workshop test problens ue recer the reader to Reference 3.

G. RATIOML LINEAR PE APPROXIMATION

In contrast to Tappert's s!0a11 I l*ll o" small
q representatLon of the operator a that results ln
approxlmations of a that are correct to order q2.
as "Ilatlonal Llnear" approxlnatLons, ad take the

IlrlI trprovement over the llnear
SPE, there are higher order
These are generally referred to

followlng forrn

a=(1 +ilu==.+t (2s) |
To obtaln SPE from thls forur, let
apparently was the first to use a
suggested the values: a=l, b=3/4,

8=1 , b=L / 2, c=l,
ratlonal ltnear
c=1, and d=L / 4,

ancl d=0. Claerbo.rt 5 r 6, who
approxinatlon for PE, has
so that a ls approxlmated as

a=

Expansl-on of

L + (3q/4)
1 + Gla) (30)

the denomLnator of Eq. 30 leads to

a = 1 + (q/Z) - (q2le) + G3/lz) + .-.

anrl conparlson of Eq. 31 with the Taylor serles
that tt is correct to order q2 and ls therefore

(31)

expansLon of a glven by Eq. 9 shows
a higher-order (also higher-

10
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arlgle) approximatlon to a than ernployed to obtaln SPE.
Eq. 7 leaCs to the governlng equation for u:

Notice that thts ls
secorrl order ln the
serles expanslon of
Ehe z derlvatlve. If we irrtroduce
linear approximation becomes

IJse of a given by Eq. 30 in

Ehe envelope functton /, Claerbout t s raLlonal

(1 + Gla))Pu = iko(t + (3qla))u (32)

llnear ln er l-.€.1 tr partlal differentlal equatLon Ehat ls of
z derlvative, whereas retenEl-on c,f the qz term ln the Taylor
a given by Eq. 9 would result ln an equatLon of fourth order ln

Greene (thls repor!) has suggested another raElonal llnear approxlmatlon to Q

glven by

Gl a)l\t, + Ur = ( ikoq l 2) l)

If the ftrsL term ln Eq.

Claerboutrs PE, Eq.
inlttalty neglectlng the
(3) back substttutlng the
Thomson (thts report) and

o _ 0,99986 + 0.796?4qx 1.0 + 0.3099q

where the nunerlcal coefflclents
Elre maxtnun error of Ehe phase of
0 Eo 4Oo, i.€., kn/ko between 1.0
l'1 Eq. 34 are nearly the same as
nl-nl--,nax Eechntque for a range of
nunericat values of a, br c, and

o0r + \{".r = BU +,{r,

where

cl = c + d(n2 1)

g = iko((a

Y = d/ko2

33 1s set equal to zeto, Ehe result ls SPE' Eq' 12'

33, can be arr lved at tllore dlrec tly frorn E1: f 3 by: ( I )
P2 V term, (2) applylng P and solvlng for pz * , and
P2 * term in Eq. 13. Thls ratlonaLe is employed by
ls gtven l-n Ref . 6.

(33)

(34)

(3s)

(arbrc, and d) have been determlned by rnlntnizlng
the propagatlng modes over a range of angles frorn
and O.77. Notlce that Greeners coefflclents

Claerbout t s ln llq . 30. Appllcatlon of Greene I s
angles other Lhan 0-40o wtll of course alEer the

d.

I Any raElonal llnear approxlnstlon (1,e., of forn glven by Eq. 2g) leads to the
t follotrlng envelope f unc E lon:

11
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and
(l) = i(b d) /ko

Eq. 35 avoirls the nunericat speclf lcs and introduces a convenlent notatlon for a
laEer sectl-on of thls report.

Note that the ratlonal linear approxinatlon' regardless of the cholce of a'b'c'
and d, has the same rnode depth frmctlona as the far-fleld }Ielnholtz equatton in a
range-l ndependen t environnent (as would any order Taylor serles expanslon of Q)' and
yet ls second order in the z derlvative ln range-dePendent envlronments (unllke a
higher-order Taylor serles expanslon of Q).

Modal analysls for a range-lnde pendenf environTlent for Claerboutrs PE, Eq' 33'
results to the error ratlo:

I
I
I
I
I
I
I
I
I
I
I

I
I
I
I
I
I
I

Rcb = exp(i2ko(r ro)s3lG - s + s2)) (36)

where again I = 'll|r2(g/2) and kn = kocosorr. Notice thaL Ehe anpl-itude ls correct
and that the ohase error is of order aJ as s+0. whlle the SPE error is of order
s2 (Eq. 14). The error in Greene's approximation is of order I as s+0 r but j-s
conslstently "snalltt over the range of angles 0 < en < 40o.

H , SWMARY OF PE FORI{S AND ACCURAC Y

This sectlon (II) has endeavoreC to loglcally relate varlous PE forms to a gen-
eral PE, r*rtch ln turn ls closely related to the l{elnholtz equatlon. GPE (tn the
far-fleld approxl.matloo) 1s exact rdtlen the envlronoent is range-lndependent. and only
"one--nay" propagatlon ls present. tf n, I 0 then errore,are made. Tappert'
glves a qualltative ranklng of tho8e errors, and Desantora iEpllcttly estlrDates
then ln relating SPE solutions to eoluElona of the llelnholtz equation, but rigorous
qtrantltatlve estlmates renaln to be derlved. The error could be large rdtrenever a PE
ls used and must be kept ln rnlnd.

The next type of error ls that lncurred ln rnaklng appro:tinatlons to GPE. GPE
ls not anenable to nunerlcal solutlon; the operator (1 + ilt/Z ls "non-local" anrl
cannot be represented by a flnlte sum of llnear differentlal operators. The most
popular approxlEatlon to GPE to date has beea "SPE", a suall q expansion and, as $e
dlscuss ln Sectlon III, lts wideepread use ls a reault of an efflcient nu-'nerlcal
algorithn (Tappert and I{ardlnrs spltt-slep) for 1ts solution.

Error esLlDates of SPE and other PErs have, to date, concentrated on modal
analysls for range-lndependent envlronments. Although such an approach l8nores the
effect of envl.roomental range dependenctes, it 1s useful in estinating local errors
and thelr cumulatlve effect. As outllnql ln Sectlon C, SPE has phase errors.
Because of thl-s, a nuqber of PErs have been developed to lmprove on SPE.

( t) CMOD - A physicatly lntuitlve correctlon to SPE whose quantltative
improvernent over SPE is noL easy to calculate, but whtch has been demonstrated ln
sone Ceep water ocean acoustic problems10.

12
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(2) CPA - Brror estlnates here lndlcate an lmprovement over SPE for enall -
aqgle 

' propagatlon. It has a deoonEtrated advantage fot goue reallstlc problensl3.

(3) Teppertr8 Co-Indepeudent PE - An Lnprovement over SPE, but not anenable
to error analyela. Tescs have not been docurented (other than predented here ln the
test probl€n sectlons), and the nethod nay have llnl.ted appllcablllty slnce large
varlatlotr Ln the tnde; of refractlon (large c ) ls ueually lnportant for rlde angle
propagatlon (large p).

(4) Ratlonal Llnear Approxlnatloo - Both the Claerbout and Greene approxl-
DAtlonB offer the potenttel for a elgntflcant hproveoent over SPE--for "rlde angle"
propagatl.on. Io nodal terna, the correct depth functlons ate retalnei, whlle the
phaee errore are elgnlficantly reduced for anglea up to 40o or nore.

III. METHOD OF SOLUTION

A. IMRODUCTION

The pr lEary nurner lcal advantage of the parabollc approxloatLon 18 that lt
ylelde a flrst-ordet dlfferentlal equatlon ln the range varlable (r), and can
therefore be eolved by Earchlng out ln range fron a gtven "lnltlal" fteld. Th16
sectLon ls then devoted to a dlscusslon of nunerlcal net hods--technlques for so1v14g
a glven PE foro on a cmputer. In practlce the eolutlon ls obtalned by laying down.
a numer 1cal grld ln depth z, eolvlng for the fl.eld at the grtd polnts, and advanclng
ln range to the next tange lncrenent. The two baslc types of approaches are the
Bpllt-step algorlthn and claselcal flnlte dl fference/ flnlte element technlques. An
lntegral part of each approach te 1ts treaEnent of lnterfacee/boundarle I, approxlna-
tlons to Che radlatl.on coaditl.ons, and, of course, the lnitlal field.

In this sect{.on we addtess spllt-Step sPE (Part B)' flnlte dlfference nethodg
for SPE (Part C), aod a cmparlson of the tno nethode (Part D). Part E descrlbes
apptoaches for hlgh angle (ratlonal llneat) PE and flnally ParB F Presenta varloug
$Bys to obtaln the tnltlal fteld.
B. SPLIT STTP SPE

Ihe spllt-step algorlthn $ras hletorlcally the first technlque enployeil ln
aolvlng SPE for undernater acoustlc probleme I lt ls therefore aPProPrlate to start
\rlth thts approach. To facllLtate compartsona among nunerlcal solutlons to SPE' we
fLrst lntroduce the operators:

nlth

x= (lkoq/2) =A+B

[=

(37)

(38)

l3

and

B = (Lko/Z) (n2 1) (3e)



shere i approxlnates the behavtor of x over the Lnterval A, and where E ls an error
tem (equal to zero 1f *=x and x ts r lndepeodent). The actual error depends, as we
sirall see later, on how the o(ponentlal operator ls spllt and on how x ls approxi-
nated by i ln a rangetependent envlronnelt.

The spllt-step algorlthr usually takes one of two forms. The flrst approach,
orlgtnally proposed by Tapp€rt4, ls to 6pllt the exponentlal operator as follons:

ltrrite SPE, Eq. 11, as

,i,t = xr! = (A + B)U ,

where the prtme ls understood to be the r derlvative.
t{ow, glven the value of { at some range tn, l.e.rfr, = *(rnrz), the valrre

of * at a new range r*A, i.€. , *n*l = /(rrr*A, z) , can be approxlmated from Eq. 40
AS

iAt|l =e .q, +E ,n*l n

"(R+n)nseBA..AA

and exploit ttre Fourler transform to calcul-ate the two z derivatlves l-nherenE i.n
exp (AA). 9n+1 ls thus found by rneans of Ehe algorlthn

_ iszA
n ^ -] 2k..11., = ebA F -(e F(Urr)) ,n*1

where F ts the Forrrler transfonn from z to s
s to z, The second approach, tater suggested
exponential operator as

AA AA(A+B)A , BA .,e'=ez-.e.e1-

and solve for *n+1 by the algorlthn

-i+'^ -'+
vn+l = F-1[e 4Ko F{.BAF-l(. u*oF(q,n)) }] .

(40 )

(41)

(42)

T
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(43)

and F-f ls the l-nverse transfonn frorn
by Tappertl5, ls to split the

(44)

(4s )

In elther case approprlate boundary condltions are requlred in order to numerl-
cally inplement thls approach. The physlcal condLtlona are that p=0, or *=O, at z=O
and 9--+0 as z-)-. SLnce one cannot nunerLcally deal ltlth an lnflnlte tranaforn,-the
Latter (radlatlon) boun'3ary condltlon must be approxl.datel . The usual approachra
ls to add an attenuating layer of thlckne8s D to the phystcal depth II and set 9=0

l4
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at z=znax=Il+D. The attenuattng layer ls modeled with a complex lndex of
retractlon of the forrn

n2 7t1 = n2 (H) + ia(z) ; H (46)

where c(z) ls the assume{i attenuatlon proflle ln the layer. The cholce of D anrl a ls
arbiErary only to Ehe extent that no stgnlflcant energy should return lnto the prob-len fror thls "false" botton, Usually D ls taken to be H/3r4, l.e.) z^^x = 4E/1,
aqd c ls exponentlally lncreastng wlth depth. lllth thts approxlmatloo to the radla-tir)n condltlon, the Fourler transforls ln Eqs. 43 and 45 can be replaced by a dis-
crete FFT (ln fact, by a fast slne transforrn slnce p=Q at z=0 and z=z*u*). The
ad\/ailtages of the sp1lt-step FFT are that lE is energy conserving, un-ondltlonally
stable, anC collputationally efflclentz. The disadvantages are that tt requlres a
uniform z-grld, periodic boundary condltlons and, as we shall see, snall sEep-sizefor large propagation angles (subject, of course, to the llrqlts of SpE irself). In
order lo handle reallstlc ocean acoustic problens rapid vartatlons ("dl.sconEinui-ries") in sound spee,l , attenuation ant'l ,lensity nust be taken inLo account. Sound
speed aftl artenuatlon are both lncluded tn the lndex of refraction, anc the renedyis sinple but costly: noCel dlscontlnulties by a contlnuous change over a relatlve-ly sla1l depth lnterval and force a larger transfom size for proper sarnpllng la
depth.

Density varlattons or discontinuities are a special problem. Tappert3 has
shown Ehat tf one inEroduces a new variable into Eq. 1

_r.6=pp'

:rfl,l proceeds as tn Sectton C
equa t ion fo r V ls exac t1y of.
(tan also contaLq absorptlon)

r^/1th t=F rI/2, l=il exp(-ikor),
the form of SPE for / (Uq. 1l)
is replaced by iz wlrere

V . (p-312vil

the resulting.,
, except Ehat itL ( w'hich

f,z = n2 +-L^ . n\'2k2 P

targe gradients or dlscoltioultles ln p can nake fi devlate considerably frorn unlty
(thus vlola!:ing condlllons for valtdl.ty of SPE). T3ppert concludes that a "smearing
out" of such rapid or dlscontlnuous changes ls necessary and suggests an analytlc
form for such a srnearingJ. Quite apart fron the partlcular analytlc forn, the enrl
result ts a larger transforx0 sJ-ze and smaller range step.
C. FINITE DIFFERENCE FOR SPE

An alternative nuuerlcal technique for solutlon of SPE ls provided by ftnite
'lifference technlques. A pr lrnary advantage of thls approach ls that it ,loes not
requlre a unl form z nesh and dlscoqElnulties ln sound speed anl denstty can be nore
accurately approxinated without exorbitant lncreases ln nesi.t Dolnts.

A standard finite dif ference approach, Crank-Nicholson, applie.l to Spti (Eq
fo r constanL z and r rnesh has the followlng forn:

l1)
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where !, is the z mesh lndex wlth lnterval 8, anC n ls the r-mesh
A. By rearrangtng Eq. 47 and lntroduclng V as the colunn vector
ace the /nts, ite obtaln the matrlx forn

p (r, zg) = tb'u
(2We7, '

n*l n*lt,;' u;*'+ (n2 rli'l,ir =
(47 )

lndex with lnEerval
rihose components

(4e)

n*1
tt'R (48)

Since C1 and CX are tridtagonal matrlces (even for variable z and r mesh), Eq.
48 is easity solved lmpltcltly.

Crank-Nicholson ls Just one of rnany flnlte-dl fference gchenes appllcable to
SPE. Others offer dlfferent ordera of rrccuracy, ease of lmplertrentatlon, and speed.
In any of these, attenuatLon can be lncorporated by use of a conplex lndex of
refractLon. Rapld varlations 1n sound speeil and denslty are easLly accoxomodated by
t're varlable nesh (8) and the flexthlllty to satlsfy the lnterface conditlons, i.e.
contlnulty of preasure p ard p'lp (p'ls the nornal derlvatlve).

Radlatlon condttlons as z+o are typlcally handled as for spllt-step1 i.€.1
with a false bottorn. An exception to this ls the use of tmpedance boundary
condltlons by Papadakis (thls report), given ln tenns of an lntegral aloqg the
boEtom interface

cL tf -nq./

r

J
o

ivhere zB ts the lnterface depEh below utrich there ls a half space wtth density
Pg and lnCex of refractl-on DB. Thts technlque avolds the lntroductl-on of a
non-pl'ryslcal subboEEom layer and of fers a posslble savings through eli:nLnatlon of
about 25"/" of. the rnesh poinEs and evaluatlng Eq. 49 lnstead.
D. SPLI'T-STEP VS. T.'INITE DIFFERENCE FOR SPE

In thls sectlon we w111 conpare Lire range-step dependent and freqrrency
dependent errors lncurred Ln using the spllc-step algorlthn and flnlte dlfferenclng
to solve SPE. Included ln the regults are estlnates nade by Brockla. Buchal and
TappertlS, McDanlelT, DtNapoll and DeavenportlT, and Jengen- an4 Kro118.

As srlne that the value of {n = I (rn,z1 ls avallable at range rn. A power
series soLutlon to SPE ln the fom of Eq. 40 ls glven to thlrd order ln A by

Un+l = tl*xA+ (x' +*\+ + (x"+ 2xtx*xxf +x3lfttrr,t'

16
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where the prlne lndicates an r derlvatlve and x, xt and x" are evaluated at rn.

Consider flrst the errors lnherent ln the exponentlal solutlon of SPE deflned
by 8q. 41, 1.e., even tf i=x, the solutlon 1s in error nhenever x'#0. If i ls x
evaltrated at rn, then an o(pansion of the exponentlal for snall A leads to the
local error (difference bettteen the eolution of Eq. 44 and Eq. 45):

h2r (x (rrr) ) = t *r,' 0r,

whereas if i ls x evalu€lted at t.r*i, the error ts (to thlrd order ln A):

E(x(rn + +)) = + (x" 2xxt + 2xtx)-U..z4 ' 'n n

+ o(A3)u- ,n (s1 )

(s2)

Ttrus, errorg of order A2 can be lncurred even before the exPonentlal operator
exp (A+B) ls spllt. These errors perslst ln what follows.

Now conslder the spl1t-step algorlthn glven by Eq. 42. If i ls x evaluated at
r- the error Is

u};u (x (rn) ) = f' t*' + [A, B ] )nun .

Thls ls of order L2 and depends on the range
the conmutator of A and B. Comparlng Eqs. 51
lntroduces an additlonal error, lnvolving [A'

(s3)

dependence of x (through n) and on
and 53 we see that the spllttlng

Bl. Excludlng boundary conslderattons

tA,Bl{n = -}<nz) 
""rl'n 

+ 2(rr2) z(l'r) zz . (54)

The nagnltude of [A,B] ls therefore seen to depend on the z gradlent of the lndex of
refractlon and ls lndependent of frequency. On the other hand

XnZk^3=Br tL,, DT

frequency. The xt A2 error term can be removed by taklng i equal
r- + a with the resultfr)

rax =T
and ls llnear ln
to x evaluated at

This ls to be conpared wtth Eq. 52 where the operator IEs not split'
Conslder now the sPllttlng glven by Eq. 44 wtth i equal to x evaluated at rn'

The resultlng error la

r|;u(*(rn * *l ) = +'[A,B]ro' (ss)
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identical to Eq. 51 and an
order 62. rf on the other

lmprovement over the prevLous spllttlng but etlll of
hand i ls x evaLuated at t" + i the error becomes
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+nn

xt A2trFD = z vn

i.€., of order A2, llnear ln frequency,
use of the Crank-Nlcholson algorlthn

0n+1 - Un _ xn+l Un+l * xn0n
A

results ln an error glven by

(B" + 2(Bf A - AB') + [A, [A,B]l + 2|B,[A'B]l)n'l'n (57)

(s8 )

(se)

and ldentlcal to Eqs. 51 and 56. Ilowever,

ARA
4:"'1(*(rn + +)) =d24

and le nou of order 43. Notlce that the tern contalnlng the cmnutrtora ls expllc-
ttly llnear ln frequency as are other terms. Also ootlce that slnce A Ls not a fimc-
tlon of r, Eq. 57 dlffers frm Eq. 52 only ln the comutator terna. Ttrese addltlonal
error terna are a consequence of sPlLtttng the oPerator exp (r.f).

Before proceedlng further tt ls lnPortant to understand thst the error ln the
above formulatlone and those ne wlll eee later depeld oD the r depcadence of n. If
nr ls snall the error w111 be ernall, and lf nr ls large the error Flll be large--
thereby requlrlng a gmall range atep. Regardless of the sLze of nt one can always
choooe A to make the loca1 error aa sna1l as one llkes. Roeever, SPE (ag $e11 ae
GPE) te based on the assunPtlon that nt le snall, 1.e., [PrQ] .0. Ttrue, ln a
problen wtrere nt drlves the range steP-slze error, SPE nay be a poor aPProxLnatfon.

We next conslder the flnlte difference approaches. one scheue for aolvlng Eq.
40 ta glven by

iln+l U' Vn+1
xn

A

and results ln an error

13ff--- = - ^ (xtt + Zxtx * xxt * r<3)Un"cN Lz *

( 60)

( 61)

ancl 1g of order a3 antl cublc ( through *31 lo f".q,r"rr.y.
We have seen that the accuracy of spllt-step or flnlte dlfference algorlthng

depends on how the range dependence of x ls apPrgxlnatei. For x si.nply evaluated at
range steps, the be6t that one can do Ls order Aar I'hereas a lLnear apProxlDatlon
for x betseen range polnts allotF oraler A3. Therefore, in sumaryr ln a range-
dependent envlronnent wlth x l1near1y aPproxlnated between range pol'nts: (1) the
splitttqg orlglnally proposed by Tappert (Eq. 42), hae a local error (Eq. 55) of
order Az lndependent of frequency! (2) the later sPllttlng (Eq. 44) has a local

18
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error (Eq. 57) of or,ler 43 arrd llnear in frequency; and
Nicholson (Eq. 60) has a local error (Eq. 6f) of order
See References 7, L4, L6, L7, and 18 for nnore in-depth

Range-step-slze predl-ctors are obviously impo rtant
of any technique, and we refer the reader to References
sone of the technlques that are utilized.

(i ) stancard
4r and cubic

analyses.

for pracEical
14 and f9 for

Crank-
ln frequency.

implenentati-on
discussion of

The advantage of spllt-step over Crank-Nlcholson is that it is more efflcient
at higher frequencies (linear vs. cublc) pernlttlng a larger range step slze. Its
disadvantage ts that a uniform z-grld is requlred, and ln situattons lnvolving rapld
variations ln depth of, for exarnple, sound speed, a large transforn slze ls required
(small z-nesh lnterval). The flnlte dlfference technlque, on the other hand, does
not requlre a rmlforu grld, allowing for the flexlbtllty of a Judiclous cholce of
Inesh Dolnts and conseqirent reductlon ln mesh Dolnts.

qIGI.I ANGLE PE

l. General

The rational lloear approxlnatlon of Sectlon G ls not approprlate for
so].utlon by the split-step approach because of the varlable coefficlents. The
t,:chniques enployed ln the programs presented at the workshop all used standar.l
lntegratlon ln r, but eroployed special representations ln z as follows: Greene used
cublc splines to represent the z-dependence for hls rational llnear approxlnatlon,
whereas Thomson used central dlfferences anrl Gilbert used flnlte elernents for the
Ciscrete z-repr esenta t 1on of Claerboutra rational llnear approxinatlon. Error
analysls ln range is, ln general, the same as for SPE except that the x operaEor
,nrrst be appropriately redefined. L{htle w,e do present the varlous dtscrete
Eechnlques for representing the z-dependent part of the ratlonal linear approxi-
ratlon lre do nol lnclude a corresponding error analysls. Such arr analysls ls beyond
the scope of this report.

2. Cubic Spllnes

Integratlon over r of Greeners Ratlonal Llnear Approximation, 8q.35, using
the trapezoldal rule on the right hand slde anC neglectlng the r dependence of the
index of refraction leads to

(o - flnun+l + (v - fl"r})t = (s + fl",t" + (v * +) "{2, (62)

where superscripts n and n+l refer to F=rn and rn*1, respectively.
In order to treat the

t ,rnc t i on can be ln trod uc e(l f o r
z
*:

dependence, the following spl1ne inLerpolation
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where

(64)

( 601
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v= (z z)/6n

;=1-v

and f"t: *g Ir: rhe eval'labion of * at ,=rL. The Eg are par€rmeters to be deter-
mlned. In thts fomulatlon * and *r" are contlnuofrs, and the condltlons on *at
the boun.larle s.z=zL and z=zrL requl-re 91=gn=0. With continuity condtElonsfor V and p-L 92, Eq. 63 ylelds a set of llnear equations in *L and Ey whlch can
be wriEEen ln matrix notatlon as

Mg=NV 55)

Ilere M and N are trldlagonal and g and V are colunn vectors conslstlng of the g!
and %.

Now, use of the lnterpolatton functton of Eq. 53 ln Eq. frT leads Eo an
equatl-on of Ehe forn

olu"*t + blE-n*l - oflu"+ bRs t,
where Ai
Finally,
Laplictt

L+l

n;n*1crf =

ndnd AR are diagonal nnatrtces and b1 and bp are constants.
nultlplylng Eq. 66 by M arrl uslng Eq. 65 Eo elirnlnate l{g we arrtve at the
fo rm

.f; u" (6t 7

Thls equatlon can be solved numerlcally ln an efflclent {anner slnce Cf and
{ are trfillagonal . r,{ote thaf thls forEulatton assunes p =p(z), and rEsults in
Vzz hetlig co:rtlnuoua uhen ln fact it should be dlccontlnuous for dLecontlnuous p
or index of refractlon. Ilorrever, this condition can be renedled with a slight
modification to the above procedure and stltl retaln the tridiagonality.

3. Ileterogeneous Approxlnation

Thodson solves Claerboutts ratlonal llnear approxlnatlon in the forE
approprlate for depth-dependent denslty. Thls foro can be derived froo the
Ilelmholtz equatlon dlrectly or by flrst derlvlng GpE for varlable denslty and thentntroduclng the approprlate expanslon slnllar to that used tn sectton rr4. r,Ii thout
reproduclng the derlvati.on here, we slnply state the result that GpE for p= pe) fsllentlcal to thaC giver by Eq.8 except th6t q 1s reileflned as ii wtrere

.a
3z'
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Likewise, the claerbout approxination to GpFl for this sane
32 except that again q is replaced by A. rntroductlon oftlten l.e,ads to Claerbout t s ratlonal li.near approximatittn fo

(t+91,r, =iloqit .4"T 2

case is i,lenti.cal tc liq
the envetope functicn *
r variable density:

Integration of Eq. 69 over an inEerval rn+_-rn, assurnlng constant coefficien6sover Ehe interval, leads to

(6e)

(70)

Standard central diffe:cencing in z is next. enployed to evaLuate a1l but the p depen_dent part of E. To evaluate this Thomson usea the "heterogeneous approxirnation" 20

a I a (0,,, _ ir")t #' ; i;V = <'">(r + a r/o u*r) -ii=-L
+ (L)(1 + p^/p",r(*n --vu-') (7r)

! (,- -t

As ln the spline fomulatlon, the result [s a tr llagonal sysEeE of equattons thatis easlly solved nunerically. Thls formrrlation, l.owever, does uodel densicy discon-tinuitles altirough the discontlnulttes lJ n are noL explicttly treated.
4. Flnlte Elenents

Gllbert solves Claerboutrs rational llnear approxiioatlon for varlahle .jen-
sity p(z) uslng the nethod oE flnlte elenents. The discretlzed equatlons in r and z
were acErrally derlverl by usl'rg a varlatlonal technlque to ninimize the approprlate
Lagrangian denslty. Ilo,rrever, for: simpllclty, we will present a different buL equiv-
a 1r: r'r t derlvation here.

We start witir Claerboutrs ratiDnal linear approxinatlon for varlable den-slty p(z) (Eq. 70). The z-dependence ls now treated by the follDwlng interpoletion
frrnction:

0Q) =rci|i(z), (7 2)

wnere

[c1, c2, "' , C2r - t, cZt.] - (t1, v1 , !2, v2, ..'.., ,l\_, tL) e j)
In this expresslon the Ci are cublc polln.orniats wlthln an,i zero outslde a z-grldlnterval, and the *r, and"v, are,!t and e-1*.^t Ehe z-grid points.

lnsertlon of the representat-ion for / glven by Eq. 72 lnto Eq. 70, rnul.ti-pllcatlon by p-ld,., "",1 tnlegratlon:ver z let.ds to a llnear systen of
equatlons that can^be expressed ln natrix foril as

[Mt ikoANn]c n+l = [Mt + ikoANr]ln ,

21
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where l'l and N are block trldlagonal rlth 2x2 blocks, and d is the colunn vector of
9:'". Thls systen of equatlons can be golved nunerlcally ln an efflclenE nanner,but at a slorer rate (for the sane z-mesh) than the trldlagonal systens of Greeneand rhonson. Ilowever, discontlnultles 1n both p and n are treated expllcitly antcan be lnput as arbltrary functlons of z. Ttrls nethod need not use cublc polynom-lals for 61, and can be easlly generallzed. In fact, for llnear dr the resultts essentlrlly equlvalent to uslng second order dlfferences for * dnd leads to atridlagonal systen.

F. INITIAI CONDITIONS AND WAVENI,N,IBER FILTERS

A6 stated before, the prlncLpal advantage of pE over eLLlptlc equatlonapproaches ls that PE allows nunerlcal solutlons w?rlch march orrt itt i"ng. fron anlnitial fteld. Ilowever, becauge of the sensltlvtty of the solutlons to these inlt-lal data and the lnheren! far-fleld nature of the pE approxlnatr.ona, carefur spec-iflcatlon of the depth dependence of the fleld at strrllng range ro rs requrred.
Both lnltlally and down range rt 1s advantageous (and sorletlnes necessary) tolinlE the size of the vertlcal waven'mbera o. "rrgl"s oi propagatlng energy. Ttrecholce of ltult depends orr: the partlcular versron ot rt 1ielrons of varidlty ofsnall ..ng I.e SPE, hlgh angle pE, etc.), the boundaty conillttons (eepectally atienua_tlon of hlgh angle energy by Lhe botton), cornputacional "oo"t""iot" (depth-meshspacing and range step decrease as angular aperture lncreases), and appiicatlon(e.g., study of narrow beau vertlcal arrays).
For a range-independent envirootrent the exact inltial flelit can be obtalneal bya nomal node solutron. rn a range-dependent envrrorr'ent, eepecralry for sourcesnear bottom sl.pes'1t r.s noE practlcal to obtain the exsct lnitlal fleld, anc only anumbe_r of approxlnate approaches are avallable. one ls to obtaln the fteld from aray theory calc,rlatlonr but thts technlque has lts dlsadvantages and was not used byany of the PErs exerclsed at the workshop. The technlques th;t were used fell intoth'o categories: (1) uornal nodes and (2) potnt-source sinuLatlons, each of nhlchcan be "firterec" to lrmlt vertrcal wavenumbers. These approachee, as exerclsed bymodels for the workshop test cases, are dlscussql ln or.lei-below.
The norual node startup rs strarghEforward. under the aasumptron Lhat theocean ls stratlfied near the source, the nomal mo.re solutron, v(ro,z), to Eheelllptlc wave equation for the lnitlaL envlrorunent is calculated, ind'ieratea to theiirttial PE field t(ro,z) byt

rP(ro,z) = to\ u(ro, z)e-ik6re (75)
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?he. valde of ro is arbitrary but is usualry on lhe order of several wavelengths.such a starter can of course be ueed at airy raoge, ancl has the advantage of berngexact' in a range-lndepe nd ent context. one ean arso predeter'lne the iaxtnum angle(vertlcal wavenumber) of propagating energy at the source by truncatlng the normalmode sum at the appropriate elgenvalue. Hor"arua, it nay not always be necesaary Eouse the inttlal envtronnent to obtaln the normal node eolutlon as 1s demonstrated byc{lbert ln sec. vrr for Test case 3, wtere he greatly sinplifred ttre inrttar envt-ronirrent aftl truncated the nornal node suo.
Instead of dependlng on a nonlal-mode

implementations use an arlalyt ical inltial
calculation to inttialize pE, certainfield at ro deslgned to closely rnatch
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the sp5erical-wave solution of the elliptic equaEion for a polnt source at depth
zs in a homogeneous environment

Thls approach ls based on aseunptlons that neiEher boundary nor refractlon effects
are lmportant to range ro and that the far-field apProxlnatlon obtains'
koro))1.

Follo\tlng this Loglc and at the sarne t lrne seeklng to reduce the energy of
large-angle p,ropagatlon, Tappert3 has proposed an lnltial PE fteld rrl th envelope
of fo rm

VGo,z) = S exP(-(z

p(r,z)=ituo*,R= (t2+ (z zs)\t4 (7 6)

(77 )

(78)

where s and w are to be determlned. iJhen normallzed, this functlon of z has the
for.n of a Gausslan ,lenslty functlon lll.Lth mean z" and varlance ll'!2, and is thus
tentred a "Gausslan aource.' If not truncated, lts wavenumber (kz) power sPectrum
( Four ter- trans fo ro modulus squareil) is also Gausslan, wlth nean 0 and varlance
w2/+. When llmited to lzl<zr"r., the transforn has sldelobes caused by the con-
volutlon of the caussJ.an wfth i shape of fo rru (siny)/y r*rere y ls (zr"*'k2)'

Fcllowlng Brockl4, the solution of the PE equatlon ln a honogeneous neliun
with the sEarting fleld glven by Eq. 77 ylelds

By uatchtng the eltlprlc (Eq. 76) and parabollc (Eq. 78) solutions for soall angle
(r ))lz-z"l), ott" obtalng

* = LtLt\" w'ko'
and

tz.
w = 2'/k^

.A,ccordtng to Tappert3 sorne of the advantages of the Gaussian fortr are:
(1) It 1s a "natural" for a snall angle approxttratlon (lz-z"l<(r); (2) In the
irrft ot l"l>>W, f.t t8 snooth and has mlnlmal sldelobes ln both z and k space;
(3)ThePhaselscorrectforapolntgourcelnahomogeneousnedlurn,andthedepth
dependerrce Ls correcE to "aecond order Ln angle" (L.e. to 'econd order in
tz-zatt L).

The prlnclpal disadvantages of the Gausslan field uere Polnted out by D' Wood

anc .I. Hanna Ln talks at the iorkshop: (l) It ls synnetrLc about the source-dePth
and hence not aPProprlate near boundlrles; (2) In wavenunber (angle) sPace It "rolls
off" slowly--ttlreUy allowlng energy correspondtng to high angles to propagate and
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at the aa.ne tine reduclng the energy for soall- angles (1.e., lt does not ratch Ehefleld of a wavenumbet-l iml ted polnt source).

Ttrere are, of couree, alternatlves to the Gausslan lnltial fleld whlch also
sinulate a wavenunber-llnlted polnt gource. Thonsonr s nodel (thls workshop),
enploys a ne lghted (slnx)/x form wlth x = B (z-zg)t lrhose transforn (ln the i"lnltof z))p) ls a rectangular "boxcar" functlon rdth value zero for ltl>p ana constanttor ltl<B. Garon, Hanna, and Rost2l and llanna (thls workshop) deecribed rhe
source funcElon for the sAr PE in the context of a dlgltal (navenumber) filter. The
shape of the lnlta1 angular (wavenumber) spectruu ls specifled 1n a dlgirlzal foro.
The transfora glves the lnittal depth-dependent fleld. This allolrs for apeclal
source shapea, and can easLly accmnodate changes ln the z-mesh elze. Bolh the
Thonsorr and ihnna approaches glve a aharper cut ofE of anglee than the Gausslanfield--thereby all-owing l-arge z-mesh size and range step.

For reaaona mentloned above, lt ls usually deslrable to llnlt propagatlng
angles (wave nuubers) not only at the source, but also donn range. sone vereLons of
PE (e.g., SAI) accornpllsh thls by applytng a wavenunber fLlter to the Fourler-
transforoed solutlon at each range atep. Thls is especlally efflclent for thespllt-step algorlthtr sl.nce the transfor lB avallable at each step. l.{lthout such afllter' it tB Posslble for PE solutlons to accumulate contrlbutlons from nhat are
equtvalenE Eo modes wlth angles outslde PErs realm of appllcablllty.
IV. TEST CASES - GENEMI,

A. INTRODUCTION

To provlde a basis for conparlng and analyzlng pE programs, four test problerus
were devlsed, each designe<l to tesE sone aspect of the programrs capabllltles. ThetesEs are obvlously not exhaustlve but do focus on sone of the capabilltles requlredto Eeet the needs of the sEAs program. The cholce of teaE caaes lra s subject to thefollowlng constralnts: (1) Ehe nunber of cases should be snall; (2) inpurparameters that deflne the problene should be relatlvely slnple (thereby ruling outnany range dependent envlronment cases); and (3) c@puter costs for executlon shouldbe kept as low as posslble (thereby rullng out long range anrl/or high frequency).The four problerras selected were:

Test Case 1 - Range Dependent Surface Duct
Test Case 2 - Bilinear Proflle
Test Case 3 - Range-Independen E Shallow l{ater EnvlrorxnentTest Case 4 - Bastn/Slope/Shelf Configuratlon for Ceoacoustlcal Botcom

Detalls of tirese tesL cases will follon ln later sectlons.
Particlpants were encourage{ to exerclse thelr pE programs for as many test

caaes aa possible ever though the programs uay noL have been designed co treat al1cases, e.9., applylng a PE program to Test Case 3 that ls not deslgned to treatattenuation, denslty, and soudd speed dlscontlnuitles. The objectlve was not toencourage a poor ahoflng but rather to deterulne the conaequences of applying a pE
to a test ca6e lt was not deslgned to handle and at the sane tloe determLne theconsequences of applylng some oLher I,E that was deslgned to handl.e thaE sane testcase--thereby perntttlng an assess,rent of the value of such uodiflcatlons orI'nprovenents. that objecttve r{a s uet rlth a falr degree of s(rccess.
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Table 2 sunurarizes tire characEerlsttcs of the PE progrsus thaE were exercised
aaalnat Lhe tesE cases. In thls table' and 1n ones that ltl1l follow' {te use the
shorthand notatlon gLven ln Table 3. Abstracts of these PE prograns are given in
Appendix B. Appendlx B a16o contalns abstracts for SN,{P and FFP' the SACLAVI ASW
Research Centre programs that were used as "reference" calculattons. The SNAP
result 1s used as the reference calculatlon 1n the test case comParlsong awl is
rcferred to in the figures as "MODE." Table 4 shows wtrlch test cases \{ere attenpted
by eaclr progran. The Xrs that are underllned indlcale that the EesE case was run
but the results are ot lncluded ln this report. The SAI-1 case 2A was not to the
correct scale, lhere was a yet unldent.{-fied problen i{lth the NOSC results for case
4, and the sAI-2 program contalned a compller error thaE affected all but cases 28
and 2C. The NUSC-2 progra ls not a typlcal PE (lt uses a nornal mode Prograttr to
s,r1ve SPE), and the re6u1t for Case 2ls t{rclude,l prinartly for comparison wltlr Ehe
usual PE results.
B. COMI'IEN.fS ON WORI(SHOP

In fairness to the rrorkshop particlpants sone general connents should be !0ade.
Flrst, there were scaling problems at the sorkshop that precluded definltive
cornparlson of results. This was due in parE to requirlng a less-than-ideal plot
s,rale for vlewgraph presentatlon' and in part by not recognlzlng the consequences of
the distortlon lntroduced by reproducing vleugraphs frorn originals on a varlety of
,rrachines. Second, sone partlclpants had the advantage of resources (e.g.' norual
noCe prograns) vrith which Ehey could "tune up" thelr PE reaults' Ideally tvto tyPes
of results froro each partlcipant would have been extrenely useful: (1) a routlne
run; and (2) a thorough analysls of Ehe tesE case nlth a "tuned up" run. Since
resources varled, inltial results spanned thls range.

Because of the above cons leraElons, lt was decided at the (rcrkshop that every-
one would be glven the reference calculatlons (to be shown ln later sectlons), and
that partlclpants could then subnlt nev results, due a lronth after the workshop (l'lay
1981), based on this infornatlon and knowledge galned ar Ehe workshop. Partlcipants
r.rere also offsred the opportunity to coortrent on thelr results, in wriElng, to ald ln
thu analysls. Iloi{ever, Ehe response fron Lhe authors of lhe varlous PE prograros ltas
,nlrlinal and the tnterpretation of the resrrlts is alnost eotlrely due to Lhe authors
of this report. It was also decided to lnclude the results of Gllbert (NoRDA) ' al-
though lre haC not presente,l them at the oorkshop because the progran was Cescribed
at lhe workshop, the resulLs ltere dellvered before May 1981, and lhe resulEs pro-
vlded addltional evidence of the accuracy of the "hlgh-angle" PE.

One a,l,.ll rlonal conment ls approprlate at thls polnt. Most prograns exerclsed
at the rorkshop had been .ln exlstence for sone tine and were likely debugged. other
programs such as DREP (Thorroson), NORDA (Gilbert), SAI-2 (Greene), ani URI (Papadak-
ls) wer:e relatlvely no-w, and likely were not thoroughly debugged.

C, FORII,IAT OF TEST CASE RESULTS

Standardlzatlon and conventlons are obsiously necessary for conparlson of lest
case results. To thls end, a source ls understood to be the flxed fleld polnt at
zer.r range, anC a recelver ts the fleld polnt Ehat varies wlth range. Unless oLher-
'dise note(l , the sound speed is assurnerl to extend as constant beyond the deePest
depth speclfleil, 1.e., an Lso-veloclty hatf space underlles eaclt case and precludes
Elre return of energy (a radiatlon boundary con,lition aL 2+6). The sounC speed is
assumed co be a llnear functlon of depth betvreen glven polnts. Transnissicn loss is
ln dB re I rn ancl range is ln km. Average T,', results are lntensity averirged over a
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SPE

CIT

ITAC

HAG

G

s

D

NM( r)
U

SS

FD

FE

CS

FULL

n'{P

AB

FB

TabLe 3. Notation used ln tesE cases

Standard PE

Tappertr s Co-lndependent PE

Claerboutrs htgh-angle PE

Greenefs hlgh-angle PE

Gaussian source

SAI source

DREP source

Normal rnode source at range r
User lnput
Split-Step algorlthur

Finlte dLfference

Finlte element

Cubic spllnes
Ful1 bottom treatment

Impedance boundary condltl-ons

Attenuating botton, smeared sound speed

False bottom with attenuatlng
layer
Range lncrement

Depth increment

Not relevant
Not known to authors

A

I

2
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BTt

DREP

NORDA

N0sc

NRL-1

I{RL-2

IVRL-3

NUSC-1

NUSC-2

SACI.AI{T

SAI-1

SAI-2

URI

REF

1

ABC
xxx
xxx

xxx
xxx
xxx

xxx

xxx
XXX

xxx

Table 4. Prograrns exerclsed agalnet test cases

TEST CASES

I
I
I
I
I
I

2

ABC
xxx
xxx

XXX
xxx

XXX
xxx
xxx
xxx
xxx
xxx
XXX

3

AB

xx
XX

XX

XX
XX
XX
xx
II
xx
xx
II
xx
xx

4

ABCD
XX

xxxx

I
XXXX

xxxx
XXXX

xxxx
xxxx
IIII
xxxx
xx x

I
I
I
I
I
I
I
I
I
I
I
I
I28
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spectfled lnterval. It is worth notlng thaE partlclpants used different averaglng
acherles and lt should be recognized that thls can contrlbute to differences betneen
result s .

D. INTERPRh]TATION OF RESULTS

In the followlng secttons (V-VIII), for each test case: (1) the tesE problem
ls deflned, (2) the PE program results are presented, and (3) the results are
i.rterpreted. The first two are st ralght fo rward . An explanatlon of why each PE
performed as lt dtd ls nol so stralghtforward, and ls best lefL lo the author of
that I,E slnce he alone knows how he paraneterlzed lhe partlculat test case to flt
withln the llnltatlons of htb PE. It would be a rronu'rental undertaking for the
authDrs to "dissect" every PE for every test case, especlally Case 4. The analysis
for each teat case ls therefore superficial ln the sense Lhat we speculate on the
Drlgln of dlfferences anong varlous PE results base<l on treatments of: (t) inittal
fiefd, (2) lnterfaces, (3) radlatlon condltlons, and (4) type of PE equatlon. Our
irterpretlve renarks tend to be general rather than speclflc, and are by no rneans
concluslve. Flnally, evaluatlon of how well a PE dlC ls somewhat subjective and
depends to a great extent on rdhat features are the most lmporEant for the cage Ln
questLon. The results speak for thenselves, and the reader can draw his own
conclusions.

TEST CASE 1 (Range-Dependent Surface Duct)

DEFINI'TION O}' PROBLEM

This tesL case has a range-dependent surface duct a,rd consists of profile la
frcu 0 to 20 km ln the first reglon, a transltlon frou la to lb over the range
irrterval 20 to 30 kn ln the second region, and prof ile lb from 30 Eo 50 km in the
rhird region. PertlnenE pararneters are shown ln Table 5.

The proflle ln the transitlon lnEerval ls range dependent beLween depti'rs of 0
and 300 rn ancl ls glven by:

h(r) = 300 10(r-20)'
Cs(r) = 1480 + L.238(r-20),

and
C4(r) = 1500 + 0.57f(r-20),

\rhere

h( r) ls the depth (t) of the cluc t ,
C"(r) is the sourlrl speed (n/s) at zeco depth,
r is the horizontal range ln kn,

I 
an..l

I
t
I

There are three
(A) 25 m, (B) 250 m,

The 25 m source
initial ly ln tire duct

C6(r) ls the soun,l speeC (m/s) at the bottom of the duct.

parts to thls test case as Cefined by the receiver tlepths;
and (C) 400 n.

is tn the duct, 4s ts the 25 n receiver. The 25O n receiver
in the first reglon, goes frorn ln-duct trr below-duc E i.rr the

1S
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Table 5. Parametere deflnlng Test Caee 1

TEST CASE 1

Frequency = 25 llz

Source Depth = 25 m

ReceLver Depthe - 25, 250 and 400 m

Max Range = 50 kn

Sound Speed (n/s)
Proflle la:

DeTrslty (g/cn?) Attenuatlon (dB/kn)

I
I
I
I

I
I
I
I
I
I
I
I
I

Depth (n)

0

300

1000

Depth (n)

0

200

300

1000

1480

1 500

1460

Sound Speed (n/s)

L492.38

1505.71

1500.00

1460

1.

I,
1.

1.

1.

t.
1.

0.

0.

0.

I
I
I

Proflle lb:

Penelty (q/cn3) Attenuatl.on (dB/kn)

0.

0.

0.

0.

Plots--TL vertlcal scale 60-130 dB at 10dB/lnch
Separate plots for each recelver depth
0 to 50 kn 4t 5 kn/ln

30
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B.

transitirrn region, and is below-duct ln the last region.
always below the duct.

The 400 m receiver is

Modal analysls of thls case shows only one trapped (but Bll.ghtly leaky) node in
the first region, thaL transittons into an rmtrapped mode ln the last reglon. " Thls
should be an easy test for any PE prograrn slnce phase errors should not be a problem
(there ls only one mode and Co can be selected wlth confldence), since the range
<lependence of the envlrorutrent ls ryeak, and slnce attenuatlon, sound speed and
rlensity discontlnultles or rapi.d varLatlons are not present. That ls to say thatall PE prograrns should agree and gtve the "correct" answer. See Table 6 for a
srrn[ary of the PE progratr paranetera used for Test Case 1.

RES IJLT S AND SUI'ftIARY FOR TE S T CAS E 1

No reference calculation was available for this problen over the ful1 range (0
to 50 kn); however, the test results of NRL-I, NUSC-I, BTL, and SACLANT are
vtrt'.rally ldentical and agree wlth rang e- independ ent environment normal mode results
up to 20 kn. Flgure I shorts the NUSC-I results for the three recelver depths and 18
typlcal of \rRL-l, BTL, and SACIANT.

The results fron other progr:rms exhtbi Eeil sllghtly different behavlors, and
several types of problens trtere uncovered by thls test case. These probLems are
examinerl uslng part C (400 rn recelver) as the exarlple. The first ls the problen of"false" botto,0 ret'rrns an,l ls sho.,rn in Flgure 2 coroparlng NRL-2 wlth NUSC-I for the
400 n recelver. The spurious osclllatlons ln the I,IRL-2 result are due to medlull- or
high-angle energy returnlng lnto the problem from the botton, i.e., caused byinsufficient attenuatlon ln the botEom or by Eransforn artlfacts (sidelobes or
allasing) whlch redlstribuEe the energy lnto higher angles. This ls also typical of
the S,{I-1 resul.t (not shown). Both use the SAI fllter (llanna) to deren.llne thelnltlal fleld and elirnlnate higher angle energy as Ehe solution progreases ln r:ange.
The difficulty is caused by the algorithtrl that determines the mesh size (8) and prob-
lem extent (zr"*) frorn the requested beamwidth. The algorithm yields an effective
beanwldth greater than or equal to thaE requested. For thls partlcular problem the
half-beanwidth is greater than 90" regardless of the beamsi.dth requested, aftl there
is little or no attenuation of botEom returns. Brock was able to correcE the NRL-2
resulE for thls problern by using a new znax lnversely prog)rttonal to the bean-wtCth. The result (not shown) ls vlrtually the same as NUSC-I .

False bottoo returns woulrl have also been present tn Lhe NUSC-I, NRL-I, BTL and
SACLANT results had a z.o.* = 4/3 W been used, i.e., a false botton layer of 333 n.
The pr,:rblen was avoided however by uslng a larger l-ayer depth, as lndlcated ln Table6. The degree to lrhich the false botton dupllcates Ehe radlation condltion ls
obvlously ,lependent on the attenuatlon ln Ehe layer and the layer thickness.

Osclllations are also present ln the DREP result corrapared ln Flgure 3 for the
40C 'l recelver depth. Thelr orlgln is not easy to deter:nlne, slnce Ehe false bottoo
use{ ln the DREP calculatlon exteoded to 6000 n. The spurlous osc111at{on6 ln the
URI resulEs, shoun in Flgure 4 for a recelver depth of 400 rn, cannot be attributed
to a false botEon slnce lmpedance condltlons were employeC. Papadakls attrtbutes
this to nurrrerlcal nolse that can occur when the slgnal gets low; however, ln Ehls
caser r{e se.: e the level is on the order of 90 dB in the 10 to 30 kn irlterval.

Finally, the NOSC result i,s shown irt Flgure 5 for a receiver depth of 400 n.
In this case a nonnal IDoCe solution i{as used to generate the f teld Eo a range of
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Figure 1. NUSC-1 PE results for Test Case 1
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I
20 kn where the PE calculatlon lE lnltlated. I{e have no explenatlon of the oacll-
latlons betneen 20 and 25 kn, but they are ltkely due to natchlng the PE calculatlon
to the nornal node fleld. I

Thls test case has deoonstrated that PE reeulte for a narrow bea[ problen wlth
Do drastLc range dependence of the envlronnent and oo bott@ conpllcatlots (other
than that the radLatlon condLtlon be eatlefled) are relatlvely lnsensltl.ve to c@-puter type, atarter, z aod r neeh, phaee correctl.ona r cholce of Co, and rrttether
solved by SS or FD.

I
I

QuestLons ral.sed by thls test case, but not answered, ares (1) what ls the
most effectlve way of approxLnatLrrg the radlatlon condltlon, and (2) how often
should a range dependent envlronment be sanpLed?

VI. TEST CASE 2 (Blltnear Proftle)
A. DEFINITION OF PROBTEM

I
I

In thls te6t caae the envlronmenE ls raoge-lndependent rrlth a bllLnear sound
speed ln the rEter column and a hal-f-space bottoE. rt conslst8 of three parts andthe par€oeters are glveD 1n Table 7.

I
The ratlonale for thls case ls to test the beaolrldth capabillttee of a pE pro-

graE wlthout the cc|opllcatlons of bottm lnteraction other than ensurlng that oo
energy returns to the nater colrEn. case 2A requlree a l5o half-bearFldth capablli-ty, 28 a 30' half-beanwldth capablltty, aod 2C a 4Oo half-beastrldth capablllty.There ls a contLnuous spectruE ln thle problen because of the branch polnt at'2=1500n; however, thle contrlbutlon le negllglble beyond 10 kn for aLl three caees, and
slIAP (vtrlch does Dot treat the cootlDuoqa Bpectrun) and Ftrp (rtrlch doee treat thecontj.nuous spectruo) should agree, as they d1d, The reference calculatlon for thls
case is the SNAP result nhlch we refer to as MODE.

I{e rould antlclpate that alL PE prograoe should be able to do rell on 2A and,wlthout a hlgh-angle capablllty, they should have some dlfflculty l.lth 28 and havesertous problens rrlrh 2c. rnltlal fleld condltlons (anplltudee of correspondlag pE
nodes) and phaee errora w111 govern the accuracy of the reeults. see Table g ror "6ul lary of PE progre parameters used for Tegt Case 2.

8. RESI'LTS FOR CASE 2A

For thls test case, wtrlch requlred a 15' half-bes'Frdth capabilrty, all pEre
dld well ldth llttle dlaagreeDent in detall. the most accurate result was NRL-II'ith cPA. l{e do not sholr lt becauge it ls vlrtually the sane as the uoDE resurt.
!e show lnstead lD Flgure 6 the I,{oDE reference calculatlon along wlth the envelope
fo rued by the DREP, NRL-I (no cPA), NtXic-l, NUsc-2, sacLANI, and unt reaulta. rtrre1s an extrenely tlght envelope and there ls ltttle to choose between the varLougresults.

1\ro nodel reeurts are elngled out, not because they are 'bad', but because theyare not qulte as accurate a8 the other and are to aome degree dlfferent. The firstls ehonn ln Flgure 7 whlch conparea NRL-2 rrt th !oDE. the 'klnks " Ln the NRL-2 curveare drle to stralght-lLne connectlona between range po lnt solutlons. I{e belleve the
I{RL-2 reeult le an exanple of the cumulatLve errors caused by a crude range stepELze, The BTL regult, ehorm ln Flgure 8, ls not so easlly explalned. The level le

I
I
I
I
I
I
I
I
I
I
I
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Table 7. Parameters deflning Test Case 2

TEST CASE 2

Frequency = 25 Hz

Source Depth = 500 n

Receiver Depth = 500 n

DensltY = 1 gm/cn3

Attenuatton = 0 dB/kn

Depth (n) Sound Speed (n/s)

Part A Part B Part C

0

t 000

I 500

1 500

r 520

1 s53

I 500

1 520

L7 44

part from

130 dB at

1 500

1 520

L97 L

Eo 20 km.

dB/in.
Plots--separate Plots for each

--TL vertical scale 50 to

10

10
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Figure 6. Envelope of various PE
for Test Case 2A
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goorl but u/e are unable to account for the disagreement in detail . We would have
expected this result Lo fall within the envelope shown in Flgure 6.

One conclusion evident from thls test case ls that CPA is effective when the
SPE phase error ls srnall., seemlngly more effectlve than Cl'lOD (used in the SACLAM
result in Fig. 6). However, SPE without corrections ls very accurate, and any
correc;ions should be small. Since this is the only case rilrere CPA is rrsedr we
cannot evaluate its effectiveness ln later cases where the SPE phase error ls not
smal1 .

RESULTS FOR CASE 28

A1l PErs dld well on the average for this case buE differed in detall. A half-
beaEwi,lth capablllty of 30o 1g requlred. We show first the SAI-2 result in Flgure 9,
eornpared wlth the UoDE solutlon. This Ls the most accurate PE solutlon for thls
case and glves surprislrg agreement ln detall (the pattern in Flg. 9 ls caused by
fhe intetference of 22 nodes). Thls ls an excellent denonstratlon of the capablllty
of the ratlonal llnear (htgh angle) approxtnatlon. We should note that Ehere lras a
conpller error ln Greeners progr:un (dlscovered after the norkshop) that produced
spurious results for nost of the test cases. Whlle the consequences of Ehat error
are included in Flgure 9 (as well as ln Flg. 13 for Test Case 2C) ' we assune that
ellninatlon of the error ean only lmprove the accuracy. Thls was deoonstrated after
the workshop by results Greene obtalned uslng a sone what different Progran, but
st111 a ratlonal llnear approxlmatlon.

In thls same connection Flgure 10 conpares the DREP result agalnst the MoDE
result. Although the level is reasonable, the detailed agreernent ls poor. This ls
difftculE to accounE for slnce the DREP progran also solves PE ln a ratLonal llnear
approximatton.

Results froro the remainl.ng progr:rns are beet sorted out Ln terms of whether or
not the CMOD phase correction was applled. Flgure 11 shows the envelope fo rmed by
the NRL-I, NUSC-I, NUSC-2, and I,RI results, none of wttlch used the CMoD correctlon
wtrlle Figure 12 shows the envelope fo rmed by the BTL, NRL-2' SACLANT, and SAI-1
results, all of r.rtr lch used the CMOD correctLon. These figures show that the CI'IOD
correctlon produces slgnlflcant differences, greater than the dlfferences sithin the
two envelopes caused by beanwidth, mesh sLze, etc. It ltould appear that CMoD
lloDroves the results '
D, RESULTS FOR CASE 2C

Resulls for 2Q, whlch required a 40" half-beansidth caPablllty' are einilar to
those for Test Case 28. Transmlsslon loss levels over the range lnterval are falr'
but the details are not very good except for SAI-2 shown in Figure 13. This ls
strong ev{dence that a "hlgh-angle" PE can glve accurate results for problens havlng
bearuwidths up to 40o. The DREP result, Figure 14, has the correct level but agaln
serlous phase problens.

.4s in Test Case 28, the renaining reaults are best presented ln terms of
whether or not a CMOD correcEion was applled. Figure 15 shows the envelope fo rmed
by the I'IRL-I , NUSC-I, MJSC-2, and IIRI results, none of wtrlch used the CM0D correc-
tlon, while Figure 16 shows the envelope fo rned by the BTL' NRI-2, SACLANT and SAI-1
results, all of ra'tr ich used the CMOD correcElon. As for Test Case 28, the dlfferen-
ces between the envelopes are greater Ehan the dlfferences tithln the envelopes. It
ls not clear whether SMOD inproves the overall results ln thls case.
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E. SUMMAR.Y FOR CASE 2

Teat Caae 2 has denonetrated that SPE can glve an accurate answer for a gna1l
beanwldth problen lf there are no eound epeed, denalty, or attennatlon dlecontl-
nuLtles, nhereas for larger beansldth problene average levele are predlcted well but
phase errore cauee dLeagreenent Ln detall. It has also denonstrated that a "hlgh-
angle" PE, ln thls case Greeners ratlonal llnear approxlnatlon, can provlde a good
approxlmatlon to the elllptlc eolutlon for a range-lndependent problen contalnlng
half bemwtdths up to 40". In addltlon thls test case lndlcates that ln a attuaBlon
uhere the phaee errors are emall (1.e., SPE le very accurate), CPA provldes a nore
accurate correctLon than CI{OD. For larger beanwldth probleos all SPEre glve essen-
tlally the correct level but are unable to reproduce the detalls. CI{OD appears to
sl1ght1y Lnprove thls sltuatlon. It ls not kaown ntrether CPA would provlde an
Lnprovement ln general. The PE results are relatively lndependent of r-z mesh,
lnltlal fleld, detall-s of lnpoelng the radlatlon condltlon, and nethod of solutLon,
1.e., spl1t-step or flnlte difference.
VII. TEST CASE 3 (Shallow !'later)

A. DEFINITION OF PROBLEM

The envLronnent for thls case Ls range-lndependent ard conslsts of an Lsoveloc-
lty water column over an lsovelocLty half-epace botton. Para[eters for the tlro parta
of Ehe problen are glven in Table 9. It repreaente an ldeallzed shallor water envl-
ronment and l'as deslgned to test nhether PB can accurately hand Ie eound speed, den-
sity, and attenuatLon dlscontlnultles for a slnple problen where Bhe half-beanwtdth
requirenentg are less than 20".

There ls a contlnuous spectruE 1n thls problen becauae of the branch potnt at
100 n. Ilowever, lts contrlbutLon ls negllglble beyond 5 km, and thu6 the SNAP and
FFP results should agree, as they do (conparlson not sho!rn). There are 11 propa-
gatlng nodes (correepondlng to a half-beanwidth of 18.5'). Ilonever, wlth the source
and recelver ln the niddle of the water colunn, a 7 oode solutlon (correspondlng to
a 12' half-beanwldth) ie falrly accurate ln the 5 to 10 kn range and a 9 rnode eolu-tlon (correspondlng to 15' hal f-beanrrld th) ts extrenely accurate ln the 5 to 10 ko
range. Thus a half-beanwldth capablllty betseen 12 and 15' ehould be adequate to
accurately handle Case 34. For Caae 38, wlth the aource and receiver Just off the
bottorn, the hlgher nodes are nore strongly exclted, and all 11 nodes are requlredfor an accurate soLutlon ln the 5 to 10 kn range lnterval. Ttrls in turn requires a
half-beanwldth capablllty of 18.5 ".

It should be noted that for Case 38, where the source le rlthln 0.08 wave
lengths of the botton lnterface, we also have a test of the tnltial fteld apLoyedlf lt assunes that the gource ls a fers wavelengths frd any boundary. See Table 10for a sunrmary of PE progran paraneters used for Test Case 3.

As nentloned in Sec. III-F, the NoRDA progran eorployed as a atarter a normal
mode solutlon based on a slmpllflei lnltlal envlrofttrent. Thte envlronment nas lso-veloclty, constant denslty, Iflth zero absorptlon and wtth pressure release boundary
condLtlons at z - O and z = 650 xo.

B. RESULTS FOR CASE 3A

Results for thLs case are nlxed and for the flrst tlne Bone PErs have lncorrectlevele. It ls worth noflog that qMoD was not applied for thls test caae (both parts
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Table 9. Parameters deftning TesE Case 3

TEST CASE 3

Frequency = 25O Hz

Water Depth = 100 m

Sound Speed ln Water = 1500 n/s

Denslty ln trIaEer = 1.0 g/cm3

Density in BoEEom = !.2 g/cn3

ALtenuation ln l,IaLer = 0
Bottorn AEtenuaEion = .5 db/I

BoEtom Sound Speed = 1590 n/s

Max Range = 10 kn

Part A:

Source Depth = 50 m

Receiver DepEh = 50 m

Part B:

Source Depth = 99.5 rn

Receiver Depth = 99.5 m

Plots--Separate plots for each part from
5 to 10 km at 0.5 km/tn.
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A & B) a9 lt ls noE approprlate for lsoveloclty problems. The most accurate result
\ras lhat of NoRDA shown ln Ftgure 17; it Ls essentlally the same aa the MoDE result.
Thls accuracy is the result of proper treatment of dlscontlnultles and, as will
shortly become evldent, of the efflcacy of the ratlonal llnear approxloatlon. 0n
the other hand the DREP result, shol{n ln rlgure 18, seen6 to be off by a coostant
range shlft, for whlch we have no explanatlon. The ccmpller error encountered by
Greene (SAI-2) seriously affected the results for thls test case and plots are not
shown. 1116 corrected verslon and new program glve results comparable to the NoRDA
result s .

The next best results are sho$Tr ln Flgure 19, whlch dlsplays the envelope of
the NRL-L, NRL-3, NUSC-I, SACLANT and IJRI transEisslon losees. The level and detall
are good, and the envelope is falrly tlght desplte the difference in equatlons being
eolved, treatnent of the bottom, starter, and golutlon technlque. Notice ln partle-
ular that NRL-I does very well, although lt does not have a bottoE treatnent appro-
prlate for thls problem (see Table 2).

An extremely lmportant observation can be nade upon comparlson of the NoRDA
predlctlon (Figure 17) and the envelope of Figure 19: the hlgh angle PE is nore
accurate than SPE for a case requlrlng a half-beanqldth of less than 15". The polnt
made by thls result ls that htgh-angle PE is not only more accurate ln phase than
sPE for large angles, but ls a19o 0rore sccutate ln phase at snall angles. The SPE
phase errors ln this test case are evldently Just enough to prevent formlng the
preclse mode lnterference pattern. Slnce phase errors are accumulatlve ln range'
thls has lnportant lnpllcatlons for relatively narrow beam, long range proPagation
problens.

The NRL-2 result ls prcsented ln Flgure 20. Thls result ls not bad' but is
dtfferent fron those ln Flgure 19. The dlfference,we belleve,is prlnarlly due to
the range step size and to some degree the treatment of the botton. The SAI-1 and
BTL results are gho wn in Flgure 21. llere the levels are considerably in error and
the detalls are conpletely dtfferent.
c. RESULTS FOR CASE 38

Thls was an extrenely difflcult case as lllustrated by tbe comparlson of MoDE
(SNAP) and FFP in Flgure 22. AgreeEent ls excellent excePt near the null ln the
vicinity of 7 kn. There are obvlous nunerlcal problens Ehat cau arlse when 11 nodes
must allost exactly cancel. other normal node tesults (not shonn here) indtcate
that the FFP solutlon ls correct; however, we will' as for the previous test cases'
use the MoDE (SMP) results ag reference. The nul1 at 7 krn is on the otder oi L/2
kn wlde and is lnteresting in lEs own right. It Ls also Predicted by a fully
coherent ray theory calculatlon. Ray theory analysis indlcates that there is a
cornpllcated lnteractlon of weLl-knordn effects whlch ' by happenstance, combine to
produce a nu1l. It ls not appropriate to Present that analysis here' nor to examlne
the clrcumstances under tJhlch lt can occur. Of more present lnterest is that the
analysis sho r{s that lts reproductlon requlres an accurate treatment of the phase and
water/botton lnterface.

This test case posed problens for PE both in level and in detail; hottever ' the
NoRDA result sho wn ln Flgure 23 is very accurate (recall that the MoDE result .loes
not faithfully reprodtrce the null). T1rls ls furEher suPPorting evidence that a
high-angle PE wlth proper botton treatment ls an extremely powerfuJ- approximatlon.
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D.

Flgure 24 ehows the envelope of the NRL-I, NUSC-I, and I'RI feaulta, all SPEre.
Notlce ihat the average 1evel le good but the detalled pattern Ls noc good. Flgure
25 ls the SACLAM result and le ehol.'tl separately as an lndlcatlon of holt c6 can be
selected to reproduce a partlcular feature. In thts case ghe null at 7 kn ls repro-
duceil, but the iletalls al other rangea are no nore accurate than the Flgure 24
reeulis. The NRL-2 transrLsalon losg le ahorgn ln Flgure 26; Lt ls nelther better
nor norse than the sPEra ln Flgure 24, but ls dlfferent. Ihe DREP and NRL-3 resulEs
are shom in Flgure 27. Theee agaln are no nore or no less accurete than the
results ln Flguree 24 arid 26, The SAI-1 and BTL results are eho$n ln Flgure 28 and
quantltatlvely the same a6 for Teat Caee 3A, 1.e., the levele and detalls are off.

Finally, note that a illeplay of the sensltivlty of tranaELsslon losi to eource
treatneni Lg obscured by the lack of agreenent of any rethod ' excepB NORDAT8, wlth
the reference. Even though ihe source 1g '08 navelengths fron Ehe water/bottm
interface, the fact that the NORDA nomal mode starter 18 based on a honogeneous
nedlun (no dl scontlaui tles ) euggesta that the foru of the laltlal fleld ls not very
ttrportant for thls caaa. Other reeults, auch ea the enveloPe of Flgure 24, Ln rtrlch
nodels utlllzlng a varlety of source types y1e1d slollar Predtctlons ' suPport thls
concluslon.

SM-,IARY FOR CASE 3

We repeat here several speclflc results of thle test caae etllch aPpear to be
generallzable. Flr8t, PE can do rrel1 lD predlctlng avetage transmlaslon loes levels
for botton lnteractlon probleos only lf eone reasonable approach to hand llng the
bottm ls lncluded ln the PE algorltltn. Thls aPProech uay be crude ln sone specl-
flcs, such a6 ln thla cage rtrere sevcral Prograls used constant denslty even though
there t'as a denalty change. The concluelon holds whether SPE or other PE forna are
used and wtle ther the PE ls lnplenented through sPllt-8teP, flnlte dlfference, or
flnlte element technlques. Second, correct detall ln the range alependence of the
transnlsslon lose le lacklng unless energy at even relatlvely low angles (10') ls
treated accurately. Thlrd' the hlgh angle approxftoatlon can repreaent thls energy
much nore accurately than sPE and, because of thl6r can track transmlsslon losa
through a larger range of leve1s. Ttle last polnr, one nhtch has long beeo accePted,
ls that the cholce of Co appeare to have llttle effect on average level, but can
have oaJor effects on speclflc detall, and ln fact cao be chosen to Produce "epecial
effects" such as the proper locatlon of the deep fade ln part B.

vlII. TEST cAsE 4 (BaB ln/slope/shelf wlth Geoacoustlcal Bottoo)

A. DEFINITION OF PROBLEM

Thls test cage has a range-lndepend ent sound speed Ln the rtater column, a
range-dependent botton depth consLstlng of a basla-slope-shelf conflguratlon' ad a
stmpLe geoacousttc botton (a eedlnent layer overlylng a baBeoent) wLth sound speed
proportlonal to that at the bottoro of the water coluon. The psra[eter8 deflnlng
thLs case are glven ln Table 11. Thls le perhaps the most reaLl.stlc of the te8t
cases and le a oodlfled veraion of a recent SEAS probleE of lntere8t. The 700 n
recelver has a poeitlve depth exceea of 1345 n ln the basln, beconeg botton llnlced
on the slope at a range of 171 krn, and strlkes the botton elope at a range of 192
kn. The 150 n recelver ls botton llnlted throughout. Becauae of the te6t case
parameter values, energy up to angles of 40o returns to the water coluf,n. Ttls case
is therefore a strlngent teat for any PE becauee lt requlres proper treatment of
lnterface condltlons (dlecontlnuous sounil speed aod denslty at the ltater column-
ae.llnent and Beillment-baaeoent lnterfaces), a large half-beanwldth caPablllty' and
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Table 11. Parameters deflnlng Test Case 4

TEST CASE 4

Frequency = 25 Hz, Source Depth = 500 n, Marlmum Range rr 250 kn
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WATER COIT'MN PAMI'{ETERS

C(n/s) Denslty ,(g/cn3) Atter,ruatlon (dB/kn)

1539.3 1. 0.1539.8 1, 0.L534.2 1. 0 .L502.4 1. 0.L495.4 1. 0.1491.9 1. 0.1488.0 1. 0.L487.5 1. 0.
1487 .9 1. 0.1525.0 1. 0.

BOTTOU DEPTII

Botton Depth

Constant 3410 n
Llnearly decreasing wlth increaslqg range from 3410 mto 200 n
Constant 200 n

Range

0-150 kn
150-200 kn

200-250 kn

4a - 1,.0 kn average
4b 20 kn average

150 n RECEIVER ffiPTH

4c 1.0 kn average
4d 20 kn average

For addltlonal clarifLcatlon at
krn) = 1534.2 m/ si CB" (200 kn) =
depth = 654 n.

Depth(n)

0
30

200
600
700
800

1000
I 100
1200
3410

SEDII.{EI{T

Sound speed at top of sedl.ment ls CT"(r) = .975 x CW(r) where CW(r) ts
the sound speed at the bottom of the water colunn. Sound speed at' the bottom of
sedLment ls cr"(r) = 1.305 x cTr(r)

Sedinent thlckness = 454 m (constant ln range)
Attenuatlon = 0. 015 dB /kn/Hz
DensLtY = 1.5 gm/cn3

PLOTS: 700 n RECEIVER DEPTH

fron 10 ro 50 km ar 4 kn/in
from 0 ro 25O km ar 25 kn/in

from L75 to 225 kn ar 5 kn/in
from 0 to 250 km at 25 tn/ln
a range of 200 kn: Water depth = 200 m; CW (200
L952.L, CT" (200 kn) = 1495.8; and Basement
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I
I a range sufflclently great (250 kn) that cumulative phase errors can slgnlflcantly

dlstort the reeultant PE field.
Detatls of no rnal node predictlona for the range-lndependent portlon of thls

problen were found to be sensltive to particular mode prograots treatnent of sound
speed lnterpolatlon ln depth, denslty dl scontlnultLe I , etc. It was therefore
dectded to avold coaparlsons of the detells of the fleld. It was declded instead to
flrst cmpare lntenslty average results on a fLne enough scale (1 kn) ln partlcular
reglons of lnterest to allow neanlngful comparl.Bon of the relstlve behavlors, yet
not so flne a scale as to make conparlaona unduly dlfflcult, 1f trot meanlngless. At
the other extr€me, a gross lntenslty average (20 kD) provldes an overall conparlaon
of levels and trend6. Since thls 20 kn average le roughly equLvalent to an
lncoherent mode sum, the PE results should be relatively LnsensltLve to phase
errorg .

Another and perhaps nore lnportant drlvlng factor ln the use of lntenslty
averages versus detailed trensnlsslon loss 1s that the reference calculatlon (SNAP
or FFP) can be used vlth confldence only ln the basln area (0-150 kn). The
"correct" solutlon 1n the elope and shelf areas (150-250 kn) ls not known and
conparlson of results ls sonewha t of a "bootstrap" sltuatlon. Although an adlabatic
SNAP solutlon ls used as a reference reeult for the 150 n eource (20 kn lntenslty
average case frou 0 to 250 kn), lt should be recognized that lt ls an approxlmate
solutlon and lts accuracy relatLve to the "true solutlon" ls not presently known.
A coupled node solutlon for TeBt Case 4 ltould have been deslrable but lra6 not
avallable. Thus, we wlll be conparlng PE results that contaln full coupllng but
have beamwidth constralnts rdlth an adlabatic rnode result whlch has no bea!0r{ldth
constralntg but lgnores mode eoupJ-lng. Conslder an addltlonal conpllcation in
coDparlng average reaults: for any detalled Lnten8ity-range functlon, the average
resul-t wlll be sensltlve to the $elghtlng of the values vlthln the given lnterval
(e.g., rmlforn or nonunl form) and to the range values for wtrlch the average ls
generated (e.g., a runnlng range step average, or an average for every range value
correspondlng to fhe Eid-polnt of the range Lnterval).

I
I
I
I
t
I
I
I
I
I The te6t ratlonale for each of the cases ls as follows:

4A. Capabtllty to treat, on a l kn average level of detall , a case that has
posltive depth excesg, but considerable botton lnteractlon.

48. Capabillty to correctly partltlon nater column and bottm lnteraction
energy for a case that has posltlve depth exceas but conslderable bottoxn
lnteractlon.

4C. Capablllty to track on, a 1 kn average level of detall, up a sJ-ope and
onto a 6he1f under strong bottm llnitlng condltions.

4D. Capablllty to correctly partltion energy across a basin up a slope and
onto a shelf under strong botton llmltlng condltions.

For Test Case 4 we found lt dlfflcult to ldentify patteros, sinllarlties,
etc., among the varlous PE results wtrlch would a1low sensible grouplngs for
graphical presentatLone. Rather than preaentlng the results lndlvldually (which
nakes LnterconparLson alnost lnposstble), the results are all presented in one
figure for each test case. Table 12 gives the PE progran parameters for Test Case
4. For convenlence, ln Table 12 we use the follorrlng short-hand notatloo to
descrlbe the type of lntensity averaglng used:

I
I
I
I
I
I
I 59



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

&H&&&&rttlllzZZZZZHHHHHHFl FI Fl Fl Ff FJ

olbol&&qtl | |t{l Ar ZOI X H>l tr1 F1<l

hl rd r'1 !11 O rrlzzz,zozoooo=ozzzzoz
rrFrozEO(JZ

tro.r{
+Joot{t{oq)

oO€@Ou1rnOl/\F{illN
F{O

(f)

o
F{al &EI cd O:-zl .F{ l/l<l tro

o
t-{
-otn(ornrn.r{
t{
(d

El N t^
\./l F{
@l

e.o oooo o o o N G. o(v1 \O .d. ..f, .$ .f, (n (n (f) (Vl

F{F\OOI\cf.IOO€Otnlthln.Srn
F{ F{ F{ t-{ r{

EI € Ovl €O
O, 'f, tn

()l Fa F{

,-{ 2F{(nl<-{ll(.)F:l
FIFl(/)()HHil&Dzzzu)cn=r

EI
cdllrl@l tr{Ol Fl tr]r{l ts &F{l Fa a

G.o

o6(!
o ,Q'.ii A
o
ch
(d(J
l.Jo
oH
t{
ot+{

a
tro
+J
a,
E(d
H
A
E(!
!rt{E@Fl (0o doH FdFa

 AA 
dF OTO\,./ \-/ \-/ v

ol
fll,l (, o
3l

frlA

^l
c)

.o
H

e (.)c)

60



I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
t
I

LIII equal weighting of polnts
E)CP exponentlal weightlng of
R average over the lnterval
I average over the lnterval

of the lnterval.

wtthtn the averaglng lnterval
polnts withln the averaglng lnEerval
for each range-step
for each range correspondlng to the mid-point

RESULTS FOR CASE 4A

The PE results for the 700 n receiver case (1 kn lntenslty average) are mixed
and are shonn ln Flgure 29 wlth the MoDE result glveo by rhe black 1lne and thevrrl.orr. PEts color coded accordlng to the legend. It is clear from Flgure 29 thatno one PE does well tliroughout the range fron l0 to 50 krn. as an atd in understand-lng these results see Flgure 30 whtch shows the l{oDE result for modes I through 16(correspondlng to a 12.5" half-beanwldth), ruodes I through 55 (correspondtng io a30' hal f-beanwtd th) , and the full eolutlon rnodes I through 77 (correspondtng to a40" hal f-beanwtdth) . The 16 node solutlon contalns only RR paths whlie rhe 56 and
77 MODE solutions lnclude bot ton-Lnteractlng path6. Notlce the srnal1 spread of thevarious PE results and agreenent wlth the l4oDE result 1n Flgure 29 at rangee (34 to40 kn and near 46 kn) wtrere ln Flgure 30 the RR paths are lmportant. rn all otherregions the RR paths are not lnportant, and the Bpread ln the varlous pE results lsgreater. The 56 node solutlon and the 77 node solutlon are nearly the sane exceltln Ehe range interval fron 10 to approxlnately 14 kn. Notice arso in Figure 29 thatall PErs over estinate the loss fron 10 to 14 kn because the hlgher angle pa.ths arenot present. Apart frm the RR reglon, detalled agreement ls poor and average
agre@ent ls falr. Although they are not reelly deslgned to hsndle this ldde abeancldth, the NRL-I and sAr-l reaults conpare surpriglngly rrell; thts ls probably
due to the large half beanwldths (greater than 30o). The prinary reason for lack ofbetter agreement of PE ln the 15 to 30 kn region is the tnpact (on a 1 kn lntenslty
average level of detatl) of the phase errorg aseociated I'tth spE. An exceptlon tothls ls the DREP result for whlch we have no exDlanation.
c. RESULTS FOR CASE 48

A reference calculatlon for the 700 rn recelver depth (20 kn intensity
average) case waa avallable only ln the basln reglon and is gho9n ln Figure 3l asthe black line along wlth the varLous PE progran results (color-coded). The DREpresult appears to be the rDost accurate. Apart froo the NRL-I result rrhlch
underestlnated the 1o6s (and vhlch ernployed a 40o half-beanwidth) the renalnlng pErs
tend to overestlnate the 1os6 and fo rm a relatLvely srnall envelope that decreases inwidth wlth increaslig range to less than 2 dB at a range of 150 kn. Thls envelopeis even snaller lf we do not lnclude the NUSC-I and URI results rrrhlch conslstentlyovereatl ate the loss on the order of a dB or so ( probably due to the 30"
half-beanFidth enployed). In the plaln reglon (0 to l5O kn) the reaults are a
neasure of whether a PE can lnclude all of the pertlnent energy (up to 40o) andwhether the luterfaces are treated accurately enough to return energy fron the
bot ton.

The results should not depend strongly
lntensity average ls roughly equivalent to an
prograns thaE attempt to take dlscontlnultLes
should be greater the snaller the beamwldth.

on phase errors slnce the 20 krn
incoherent mode surtr. Thus, for
lnto account, the transnlsslon loss
This appears to be the case.

The results start to diverge on the slope (150 kn) to the range where thereceiver depth and botton depth are the same (L92 km). We cannot comment on the
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I
I relatlve accuracl.es ln thls reglon aB ne have no reference calculatlon, but do note

that the spread ls on the order of 5 dB.

D. RESULTS FOR CASE 4CI PE results for Test Case 4C (150 n recelver depth) are shown ln Figure 32,
but no reference calculatloo ls ava1lable. Informatlon obtalned after the workshop,
tut noE lncluded here, ln the form of an adlabatl.c mode cal,culatlon (SNAP), lndi-
cates that the PAREQ result agrees wlth the SMP reeult ln general Level but not ln
detall (1.e., lnterference pattern). To the extent of our confldence ln SNAP, we
can use PAREQ as a reference, but nust keep ln nlnd that SPE phase errors are large
enough to preclude 1 kn lntenglty average detaLl conparLsone.

The agreenent betreeen the varloua PErg ln Figure 32 1e generally poor, as
perhaps mlght be expected because of the dlfferent treatments of lnterfaces, nethod
of solutloo, etc., but the large degree of dlsagreenent ts a llttle surprising.
NoElce, however, that there tends to be eome agreenent between PErs ln the range
lnterval 182,5 to 187.5 kn (a spread of 2.5 dB at 185 kn). Thls apparently ls a
" slope-conver s lon" effect, caused by converston by the slope of soall angle energy
to high angle energy.* The agreenent ls not as good at shorter ranges (7 to l0 dB),
and there ls a large spread (ae mrrch ae 15 dB) at greater ranges. Also, notlce that
there 1s a general decay in level beyond 200 kn. Although the level is different
for each IE, the decay rate appears to be the saoe. As wtll be seen ln Sectlon D,
the PE's enter the slope reglon (150 kn) wlth a spread ln average 1eve1 of 5 dB.
Thls spread ls prlnarlly due, Juet as for the 600 n recelver case (4A, 4B), to
inltlal beanwldth and treatnent of lnterfaces and radlatlon boundary condltlons.

No\r the slope ls approxLmately 3.7" and, therefore, fron a ray perspective
each encounter r.lth the slope ( wa ter-column/ sedLnent and/or sedfinent/basement
lnterface) lncreasea the angle by 7.4". We speculate that the agreerent 8t 185 kn
ls due to (1) loss of hlgher angle energy that contrlbuted to the diaagreenent in
the plain reglon and (2) converslon by the slope of the RR energy (less than l5o ln
the plaln) to higher angles. Horrever, even though the converalon process perslsts
at ranges fron 190 to 200 kn, the varLous PEts are now each convertlng differently
and loslng the hlgher angle energy at different ratea. Tttis convereion and loss
process is sensLtlve to the treatnent of the slope and the radlatlon boundary
condltlons, but the detatled lnvestlgatLon of thls process for each PE is beyond the
scope of thls report.

I
I
I
I
I
I
I
I
t
I E. RESULTS FOR CASE 4D

I A reference calculatlon froE the adiabatlc mode progran SNAP for the 150 rD

receLver depth (20 kn lntenslty average) case rra s avallable throughout the range of
the problem (0-250 km) and ls shown ln Figure 33 as the black llne along with the
varlous PE progran results (co1or-coded). It ls lnterestlng to note thal the
SACLAM (PAREQ) reeult, whlch was accurate on a I kro lntenslty average basls in the
slope-shelf region in Case 4C (L75-225 krn), see Figure 32, dlsplays the sane
accuracy ln the slope-ehelf reglon on a 20 kn intensity average basls but over-
estlmates the transnlsslon losa ln the basin regton (0 to 150 kn) by a few dB.

rme nec-hanics of thls process are cmpllcated, and lnclude three conpetlng effects
on transnleslon loes: (l) lncreased bottorn Loss as paths becone steeper, (2) de-
creased geonetrlcal spreadlng loss as the mveguide constrlcts, and (3) reduced
surface decoupllng (surface lnage lnterference) loss at the recelver as steep paths
becme more ltrrDortant.
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F.

Flgure 33 ls a dramatlc exanple of the spread ln average level (fton 4 to 10 dB) of
PE progran resultg for a bottm llnttei wlde beanwldth problen. The Sreatest sPread
is on the shelf, rrhere we have the. Least confldence ln the reference calculation'
Norlce rhar ln rhe basin regton (0-150 kn) the uRI, NUSC-I' and BTL results consist-
ently overeatftnate the transmLsslon loes (a11 uee a half beansldth of 30')' and
both I,RI and NUSC-I have a reasonable interface treatment, whereas the NRL-I- and
sAI-l re6uLt8, $trlch use conatant denslty, uDderestlnate the tranaElssion loss
(using a half beamstdth of 40' and 35o, respectlvely). the DREP result appears to be
the nost accurate ln the ba81n and SACLANT on the slope and shelf' Agaln aa
nentloned ln part C, the Prograns wlth 8na11er beanwldth (30') appear to have
renoved too ouch energy ln golng uP the sloPe. Ttls gPeculatlon le relnforced lf one
notes that the decay rate ls about the aane for most of the PErg (and MoDE) beyond
about 205 kn, but the spread tn level ts larger than I'n the basltr'

SI]WARY FOR TEST CASE 4

This test caae haa provided aone Lntereating ' lf sonewhat dlsaPPoLntlnS, re-
sults. In generaL, the te8t shorra the lmportance of careful treatmetrt of lnterfecea
ln problens donlnated by bot ton-lnteract lon effecte. A1so, lt appear8 that a hlgh
angle pE (approprlately large beamwldth) le needed to adequately accormt for the
boiton-lnterac tlng energy, especlally Jor propagatlon uP a elope and onto a shelf.
Tte resul-ts 1n the basln reglon appeai to be nore dependent on besmltldth than on
type of PE or depth-nesh, range-steP or starter.

speclflcally, these PE prograns perforu poorly at the I kn Level of detalL ln a
case wlth coneiderable bottm lnteractlon (Case 4A and 4C). In tracklng uP a slope
and onto a shelf rmder botton 11m1tln8 condltlons, they are not conalatent (case
4c), even at the lncoherent (20 lm average) 1evel of detall (Case 4D). Ilowever 'lncoherent levels are predicted ld|lthln a few dB in the range-lndePendent (basln)
envLronnent (48, 4D), and the PE's do very vell even on the ena1l scale when only RR
(low angle) energy donlnates (4A and 4C).

Test Case 4 has lndlcated a need for reference solutioDa to a set of fange-
ilependent envlronroent problens that could aerve as benchnark teat casea'

IX. SUMMARY AND CONCI,USIONS

Ihls report has presented the resulta of the PE workshop held fron 31 t{arch to
3 Aprlt 1981. T\,ro DaJor objectlves rrere net. The flr8t obJectlve uas to Provlde a
forum for a<change and etlnulatlon of ldeas for those Presently active ln theoretl-
cal and applled PE developnent, aa related to rmderlrater acoustlc problene. ltrts
obJectlve was acconpllehed partly ln the new development sectloo of the rrorkshop and
paitly tn the test problen sectton of the workshop. The appendlx preaenta the
abstracts for the new developnent portLon of the workshop and also provide8 brlef
nodeL ilescriptlons for thoae Programs exercLsed for the rcrkshop. Itle second oblec-
tlve, a conparLson of PE uodelg and thetr predlctLons, was covered ln the nain text
and 16 dlscussed belolt.

The flrst half
for PE as applled to
speclflc PE equatlons
conmon form ln use) to
development ln general
SPE phase errors, Irere

of the main text revLewed model forrns and solutlon technlques
underltater acoustlc problems. Flrst a general PE and then
were discussed: from SPE (hlstorlcally the flrst and the most
Co-lndependent PE and rational ll.near PE (the latest
use). The CMOD and CPA nodtflcatlons, deslgned to correct
also outllned. Flnally, several methods of solutlon were
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discussed: spllt-step and flnlte dlfference for spE, and schenes for the three hlghangle PErs presented at the workshop.

The second half of the main text presented and conpared pE nodel results for aset of four ocean acoustlc test cases. the teat cases ranged froB a slmple problen,
expectsl to be "easy" for any PE progran, to a fairly realistic bas tn-slope-she1fconfiguration tltrlch had conslderable botton interaction and was exDected to be a"dlfflcult test" for all PE prograns.

Detalled conparlsons of test case results were not avallable at the t1x0e of theworkshop, but rdere nade by the authors afteruErd. concluslons about the staEe of pE
capablllty were then dram, and are sunmarlzed as follows:

l. General

a. There are nany PE models ln operation today. They differ ln forn, inequation solved, in treatnent of lnputs, in boundary conditlons and speclflcations,ln nunerical rnethod, ln conputer lnplenentatlon, and ln dlsplay of the output. Each
model has its reglme of appllcablllty, lnherent assu*ptlons, and idiosyncrasies.
Not surprlslngly, thi6 dlverslty of nodels was, repeatedly, exenplified by adiverslty of test case results. There ls no "standard," all-purpose pE noclel .

b. Nonetheless, wlthln lts realn of appllcabil-tty, a pE rnodel can be avery powerful, efflcient, and accurate predlctor of sound trananlssion properties.Thls rda s borne out ln those test cases for utrich there was an accurate referencesolutlon. The lack of a reference solutlon for certaln range-dependenc environrnentproblens serves as an lllustration of the gap ln technology whlch pE can fill.
2. SPE

a. The test problens reconflrned that the accuracy of SpE is greatly
dependent on the vertical-angle aperture (beanwldth) of domlnant propagation paths.
Fron a modal polnt of vlew, the snaller the extent of vertical wavenunbers or phase
speeds for propagatlng nodes, the smaller the SpE errors in phase. While a 20-
half-beanrddth about the horlzontal (or 1t6 equivalent "snall angle" or vertlcal
wavenumber l1ldt about any depresslon angle) is a tradltional rule of thumb fortolerabre phase errors, in sPE, the detailed rL predlctlon suffers frorD the effectof cumulatlve phase errors as range Lncreases, both for thls and even for srnalLerapertures. I'tri s again was observed ln the test problens.

b. For problema wlth a large beanwldth of propagatlng paths, SpE canpredict range-averaged rL (because phase errors tend to average out), but not thedetalls. For thls case, and to a lesser extent the small beanwldth case, thedetalled SPE predictions can be qulte sensltlve to choLce of Co.

c. The accuracy of SPE was also found to be very sensltlve to the treat-nent of lnterface condltlons, especially for larger beanwtdth problens. proper
methods of dealtng wlth abrupt changes of sound speed or density nl.th depth are
required.

d. In addition to the lnherent llm{t of any pE to ,'slo\rly., range-varylngenvlronnents, sPE nas found to be sensltlve to the treatnent of range aepenaencresln so und speed and boundary condltlons. This ls as much an environnental as anacoustlc Drob1en.
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o. Test case results tend to be lnsensitlve to choice of z nesh, range
step slze, solutlon technlque (spllt-step or flnlte dlfference), and starter,
provided of course that all were wlthln reason.

3. CMOD

The CMOD nodiflcatlon to SPE Itas found to reduce SPE phase errors and
ninlmlze sensLtlvlty to choice of Co, wtthtn the llmlts of the snall beamwldth
constraint.

4. CPA

The CPA nodlf lcatlon to SPE rdas demonstrated ln only one case, where SpE
errors were snall, anl found to lmprove the results.

5. CIT

The Co-independent versLon
test problems.

6. Iligh Angle PE

of PE showed no lmprovenent over SPE ln the
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0f the three models presented, one
(SAI) had results only for Test Case 2, and
results (posslbly caused by lnplementatLon
conclusions cannot be drawn from thls small
that a high angle PE can be qulte accurate
addition, the flntte difference and flnlte
conditions to be accurately represented.

(NORDA) dld only Test Case 3, another
the thlrd (DREP) had lnconslsrenr

problems ln a new program). General
sample, but lndlvidual cases suggestfor beamwldEhs as large as +40o. In

element approaches allow inTerface

7. General Recoumendatlons

a. There ls a clear need for bench mark, reference aolutlon. to a set of
range-dependent envlronment problens.

b. PE development !1111 contlnue. perslatent evaluatLon of new (and Iexisting) nodels should be an lntegraL part of that development.
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ALTERNATIVE DATA }'OR PE MODELS

David H. Wcod
Code 3342

Naval Underwater SysEems Center
New London, CT 06320

The Parabolic equation is solved by numertcal models that go forward
in range one step at a time using prevlously computed values. The very
first values, or initial data, must be provided to the model. By consider-
ing any lnltlal data whatsoever after expanslon as a welghted sum of nonn-
al modes, we can immediately see what the solutlon of the PE would be if
the sound speed were not to depend on range. Matching this as well as we
can* Eo the normal rnode sum that satisf ies Ehe Helmholtz equation, and
then extrapolatlng back to the initial range, w€ see that I@n(z)!n(z) is
the appropriate initial data. There are three deficiencies ln the result-
ing approximation to the solutlon of the Helmholtz equatlon. The least
important is an amplitude error for each mode that results from approxima-
ting the square root of the horizontal llave number for each mode by a
single representative value*. More lnportant is that each mode by is given
a phase proporEional to t(1.]/2sin'grr) lnsread of k cos en (the hori-
zontat \^/ave number of the ,lth mocle). This is the so-called phase error
of the parabolic approximation and is small for small angles 0n. Most
important 1s a bizarre difficulty concernlng the effervescent modes of Ehe
I{elmholtz equation that decay rapidly with range becaus.,e cos gn is
essentially pure lnaglnary. For ;hese same modes, L-L/2 sinzOr, is essen-
tially pure real so that these modes propagate ln Ehe parabolic equatlon
,ri thout the de s ired expo nentlal decay .

:lProf. Tappert pointed out during the presentation that the initial data
Tn(zoOTn(z) cos -L/tQn would give an improved match by eliminating ampli-tude errors.
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CONSTRUCTION OF A BANDLIMITED I^IAVENTN{BER SOURCE
FOR THE PAMBOLIC EQUATION

John Hanna
Sclence Appllcations, Inc.

P. O. Box 1303
Mclean, VA 22L02

A11 solutions to the Parabolic Equatlon (PE) require specification of
the lnitlal pressure field as a funcElon of depth (or wavenumber). It can
be shown that an approprlate speciflcatlon of the initial field in verti-
cal wavenumber space for bearnwidths of 30o or less is just

0( o,k) = constant for -k5 ( k k5

= 0 oEherwise,

where

k6 = ko sln06,

ko = w/c,

05 = desired source beamwidEh.

However, since most numerical solutions to the PE use FFT!s, it is neces-
sary to replace this rectangular funcEion with one r,ftlch has essentially
the same shape, buE also acceptable transforn properties. For the SAI PE
mode1, a low-pass finite-impulse digital fl1ter was selected. At a given
frequency this filter is implemented with the approprlate number of points
to insure that a beamwidth of at least kosin06 ls achieved in wave-
number space. The prlncipal advantage of thts source functlon over the
tr:aditional Gaussian functlon is that it mlniml-zes the transform size
required for any desired beamwidth. (The difference in required transforrn
size for Ehe dlgltal filter versus the Gausslan is typically a factor of
four . )

If one constructs Ehe ray theorY
parabolic equations and looks for the
by each equation, the angle of a ray
0., is related to the angle under the

equations for both the elliptlc and
equivalent ray trajectory determined
governed by the el1lptlc equation,

parabolic equaLion, 0p, by

sin ge = Ean 0p.

So, for exannple, the 90" elliptic equatton ray is equivalent to the 45"
parabolic eqrution ray. If a pressure fteld from the elliptic equation has
wavenumbers which correspond Eo sin 0
corresponding to them is exponentially damped out as the fleld propagates.
However, under Ehe parabolic equation, energy at these wavenumbers is not
darnpedoutandthePEequiva1entofe11ipticraySforsine>
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propagate. Such energy creates unphyslcal artlfacta ln the PE f1eld. To Ilnsure agalnst these artlfacts, the dlgltal fllter wavenunber cutoff 16 a
conatralned to the fo llo$lng lnterval

Ikosln 0U ( k

which achieves the desired beanwldth and prevents the artlfacts.
As the fteld from a source propagates wlth range tt becomes redis-

tributed ln depth and the lnfluence of refraction and bathymetry ls to
redlstrlbute the energy ln vertlcal wavenumber space. Agaln, because nost
solutlons to the PE are based on dLscrete Fourier transforms, the problem
belng solved is impltcttly periodlc ln depth and wavenumber. To insure
that allasing does not occur ln range as the energy redlstrLbutes ln both
depth and wavenumber, the low-pass fllter ls also used at each range step
to suppress the energy at htgh wavenumbers and greatest depths. This is
accompllshed by simply multiplytng the depth and wavenumber fields by the
f llter res ponse which maLntains suitably llmtted depth and wavenumber
ftelds.

Early porElons of this work are contalned in a talk entltled "Con-
structlon of a New Source Function for the Parabollc Equatlon Algorithm"
by H. M. Garon, J. S. Hanna and P. V. RosL (J. Acoust. Soc. Am.61 (51),
512(A) , L977).
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PULSE RESPONSE OF PROPAGATION CHANNELS NEAR CAUSTICS

Lan Nghien-Phu
Daubin Systens Corporation
104 Crandon Boulevard #315

Key Biscayne, FL 33149

and

Frederick D. Tappert
Unlversity of Miaml

RSMAS
4600 Rickenbacker (SI,IY)

Miami, FL 33149

A Pulsed Parabolic Equatlon (PPE) model has been developed for the
purpose of analyzLng the time-domaln response of propagation channels for
coherenE broadband sources. The method is based on multi-frequency PE runs
and Fourier transforms of Ehe complex fteld amplitudes to yield the ana-
lytlc slgnal in the time domain. The time domain slgnals are normalized
such that transmission loss (re I yd) becomes a function of time and may
be resolved into separate arrivals. The relative phase is also obtalned as
a function of time and is nearly statlonary through the center of single
arrival.

A careful study of the accuracy of Ehe PPE model has been carried out
ln the time domaln by comparison to ray trace calculatlon of arrival times
and transmlssl-on losses of single arrivals. In the neighborhood of caus-
tlcs for palrs of arrivals, we have obtained some new result,s on the pulse
shape s .

A deLailed study has been made for a range lndependent envlronment
consisting of a bi-llnear profile (1so-velocity ocean overlylng a constanE
gradlent loss-less bottom) and a dlrectional source having 200 Hz band-
widch and 200 Hz carrier (100 Hz S t S 300 Hz). The pulse response was
examlned at several ranges as a function of depth. In particular, at 15 krn
range, a Ehree-arrival reglon ls obtalned by ray theory wlth two bounding
caustics, outside of whlch there are slngle-arrival regions.

Pulse response amplltudes \rere compared to known exact solutlons
(spherical spreading) for the direcE arrivals ln Ehe iso-veloclty region.
After correcting for source beam paEtern effects, the PPE transrnission
loss was found to be accuraEe to wlLhin 0.5 dB out to 15 kn.

The accuracy of the PPE arrival tirnes derived from phase lnformatlon
rras found to depend somewhat on Ehe cholce of reference sound speed Co
and also on the equlvalent ray angle with respect to the horizontal. For a
poor cholce of Co and large angle (about 24"), the error in travel times
Eo a range of 15 kn could be as much as 10 msec. Ilowever, for an optimal
choice of Co and for angles less than 18o, we found that the error in
travel tlmes to the same range u/as reduced to less than 1 msec.
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It was observed Ehat the peak of the amplltude was not situated at
Ehe geometrlcal caustic location but was displaced fowards the illuminated
side. There was significant energy on the dark side wtrlch decreased expo-
nentially away from the geometric causEic boundary, and resulted in pulse
spreading due to the effecElve low-pass filter caused by diffracLion in
Ehe shadow reglon. Complicated l-nterf erence patEerns developed as Ehe
caustlc hras approached from the illuminated side. Separated arrlvals
rnerged togeLher when thelr relatlve phases differed by an integral mul-
tiple of a cycle of the carrier frequency. For arrlvals that have lnEer-
acLed with the caustic, there was evidence of pulse deforrnaEion, resulting
i-n a trail ing tail .

Similar sEudies are in progress for a complex environment wiEh range
dependent profiles, complicated bathymetry, and range and depth dependent
horizontal currents.

THREE-DIMENSIONAL ACO UST IC PROPAGATION
USING THE PAMBOLIC-EQUATION METHOD

J. S. Perkins, R. N. Baer, E. B. Wright, and R. L. Dicus
Code 5160

Naval R.esearch Laboratory
Washington, DC 2A375

I^le have extended the parabolic-equation method for acoustic propaga-
tion to three-dimensions. A split-sEep technique resulEs in an algorithn
for marching the solution in range. We also present an approximation to
this ful1 three-dimensional (3D) algorithn which we call the Nx2D nethod.
In this approach we solve N two-dimensional problems and combine the re-
sults to forn an approximate three-dimensional solution. This technlque
allows wave-front bending, which ls the dominant mechanl-sm for waEer-borne
propagation.

I^Ie show in several examples how horizonEaL variations in the ocean
environment affect the spatial distribution of energy and the distribution
of energy in azimuthal angle as seen by an array of hydrophones placed in
the catculated conplex-valued acoustic field. In the first example we con-
sider a very strong linear cross-range gradlent, designed to produce an
obvious and predictable effect. Results from the Nx2D method are in excel-
lent agreement with the resulEs produced using Ehe 3D algorithm. In anoth-
er exampler w€ investigate propagation through a strong (but realistic)
ocean eddy. The presence of the eddy between source and receiver causes a
change in the apparent source bearing of 0.5o. In Ehis case the Nx2D meth-
od again proves to be an excellent approxlmation. In the flnal example, w€
use the full 3D algorithm to simulate the performance of a botEom-mounted
array of hydrophones. The results suggesE Ehat reflection and diffraction
fron bathynetric features may have a significant effect on the performance
of bottomed arrays.
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NIMERICAL CALCUI.ATIONS OF BOI,]NDS ON ARMY PERFORMANCE
USING TI{E PAMBOLIC-EQUATION TECTINIQUE

David R. Palmer
Natlonal Oceanic and Atmospherlc Adninlstraton
Atlantlc Oceanographic and Meteorological Labs

Ocean Acoustics Lab
430f Rickenbacker Causeway

Mlaml, FL 33149

and

l,larilyn L. Blodgett
Code 5f20

Naval Research Laboratory
Washlngton, DC 20375

In order to evaluate the feaslblllty of proposed under-sea survell-
lance systems 1t is necessary to know the condiEions under whlch the
effects of ocean varlabllityl i.€.1 internal waves, on system performance
can be ignored. The standard approach to this questlon ls to tneas ure or
calculate Ehe mutual coherence function for the acoustic fleld since it
enEers dlrectly into the calculation of measures of system performance
such as array gain. Because of the great difficulties in determlning, both
experlmentally and theoretlcally, the mutual coherence function, we have
Eaken a dlfferent point of view. RaEher than attemptlng to calculaEe,
€.g., array galn, w€ seek only to bound lt. Consequently, we calculate a
linit on the degradatlon in system performance. The advantage of t.hls
approach ls that the 1lmlt depends only on the mean pressure fleld' a
quantity far easier to calculate than Ehe mutual coherence function. The
calculatlon of the mean field does require, however, the use of a general-
ization of the Markov approxlmatlon appropriate when diffracEing and
refracting effects are present. WiEh thls approximatlon the calculation of
the mean fteld can be carried out wtth a sltghtly modlfied verslon of the
parabolic equatLon technique of Tappert and Hardin. A case study is made
for propagation in the Inlestern North AElantic wtth the followtng results:
Independent of the length of a horizontal array, its gain wt1l noE be
reduce4 by more than 3 dB for propagatlon to 1 convergence zone at 260 Hz,
4 convergence zones at 130 Hz, and aE least 15 convergence zones at 50 Hz.
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PRELII"IINARY VERS ION OF A

Ding Lee and
Code

FINITE-DIFFERENCE PE MODEL

George Botseas
3342
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Naval Underwater Systems Center
New London, CT 06320

A general purpose computer model which calculates propagation loss,
based on an inplicit finite-difference solution to the parabolic wave
equation, will soon be available. This model is deslgned to offer a number
oF useful features: nodifications are easy to incorporate;1t is easy to
use; and reasonably accurate results can be obtalned with reasonable
computational speed. In shallow or deep water propagation, the present
model is capable of handllng multiple interfaces, irregular bottoms,
arbitrary bottom boundary conditions, and artificial bottoms. A11 test
results show excellenE agreement with published results. This model was
used Eo solve a set of NORDA workshop problems. These results will be
discussed.

HIGH ANGLE PE

Robert R. Greene
Science Applications, Inc.

1710 Goodridge Dr.
P. 0. Box 1303

McLe.^1 , VA 22L02

High Angle PE is a full-wave range dependent propagatlon model
similar in concept to PE. It is deslgned to handle the dual problem of
botEom-interaction and high angles of propagation up to about 45 degrees.
It is based upon an implicit tridiagonal range step and a cubic spline
discretization in the vertical coordinate.

The most inportant observation about the method is that stnce lt uses
a finite dlfference approach to the problem raEher than the spllt-step al-
gorithm, a far better approxirnation to high angle propagation is used in
the form of a "ratlonal parabolic" as opposed to "parabollc" approxima-
t ion.

The method also allows an accurate treatment of strong gradients in
sound speed and discontinuities in sound speed and denslty. These are the
main difficulties for PE in modeling bottom interactlon. Strong gradients
are not a limitation for a finite difference technique because Ehe solu-
tion does not depend on splitting an operator into nearly commuting parts.
Discontinuities in sound speed and density are treaEed accurately by
matching cubic splines at the interfaces. The boundary condltions of the
wave equaEion are the natural matching conditions for the splines.

The major application of the method will be over regions where bottom
interaction and range dependent bathymetry are driving the problem. Howev-
€r, it can be used to model long-range propagation. It should be partlcu-
1arly appropriate for continental slope and shallow water applications.

The work is currently being funded by ONR Code 486.
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A FINITE ELEI'{ENI }'IETIIOD FOR TIIE PARABOLIC WAVE EQUATION

Kenneth E. Gllbert
Code 32O

Naval Ocean Research and Development Activlty
NSTL Statlon, MS 39529

A seml-discrete elltptlc wave equatlon ls derlved and used to develop
a parabollc equatLon wtrrcn allows p.op"gttlon angles of up to 40" wlth
respect to the horizontal. The derivation is based on the minlrnlzation of
a Lagranglan rn which the vertical dependence of the acoustlc fleld ls
rrltten expricltry rn terms of flnlte elements and the nodal values of the
pressure and vertlcal partlcle velocl-ty. slnce the resultlng wave equatLon
ls ln terms of contl-nuous fteld varlables, discontlnultles in sound speed

and densltY are easilY handled '

A FINITE-DIFFERENCE TREATI'{ENT OI' INTEMACE CONDITIONS

Dtng Lee
Code 3342

Naval Underwater SYstems Center
New London, CT 06320

and

Suzanne T. McDanlel
APPlled Research LaboraEorY

The Pennsylvanl-a State UniversiEy
UniversltY Park, PA 16802

A finite-difference approach is introduced Eo handle both horizontal
and irregular interf ace condrtions. These r-nterf ace conditions are devel-
oped to preserve continulty of pressure as well as contlnuity of vertlcal
partlcle velocl-ty. The formulation of lnterfaces ls by means of a flnlte-
difference scheme in conjunction wlth the Taylor serles expanslon, while
the handrtng of the irregirlar lnterfaces ls by llne segmentatLon. The com-

plete mathematical deveiopment will be outlrned. The validity of this
approach ls clearly shown by the theory, however, test results w111 be

<liscussed as supportlng evldence'
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A I{YBRID PARABOLIC EQUATION CODE

H. Brock
Code L72L.2

Naval Research Laboratory
Washington, DC 20375

The Tappert-Hardin split-step Fourier algorithm is an accurate and
efficient nunerical technique for the solution of the parabolic wave
equationr particularly on a vector computer. Difflculties arise, however,
irr simulating boundary con<l itions at interfaces. Discontinuities introduce
complications, and Ehe range step required is sErongly dependenE on the
gradient of the index of refraction. Such boundary conditions can be
handled by finite difference techniques, althorrgh, ln general, for a glven
accuracy many more mesh points are required in both dimensions. In addl-
tionr oD a vector computer the techniques aval1ab1e for Ehe solutlon of
the finite difference equations tend to be less efficient than the spllt-
step algorithm. Since in many problerns RSR propagation domlnates over
substantial ranges, on a vector supercomputer it is feasible to combine
the spllt-step Fourier algorithn ln RSR dominated regions with a finiEe
d if ference algorithm irr regions where boEtom tnteractions are irnporEanE.
The resulting hybrid PE code changes both the parabolic approximatlon and
the solution technlque used dynamically with range during the execution of
a given problem.

EQUIVALENT BOTTOM FOR USE WITH THE
SPLIT-STBP PARABOLIC EQUATION ALGORITHM

Homer Bucker
Code 531

Naval Ocean Systems Center
San Dlego, CA 92152

The split-step paraboltc equatlon algorithms (SSPEA) have become the
sEandard Navy rnodel for acoustic calculations ln range dependent ocean
areas. This occurred because SSPEA is extremely simple, runs rather qulck-
1y on a computer, and does a good job of modellng the refraction of sound
caused by changes of sound speed with depth and range. However, SSPEA has
problems when used ln areas of sErong bottom inLeraction. These are due to
density discontinuitles at Ehe ocean bottom, sediment rtgidlty which re-
sults ln shear waves ln bottoro sedlments, and sound scaEterlng from ocean
bottom irregularities.

The equivalent botEom is a set of absorbing liquid layers that have
the same density as the bottom water and thickness equal to the vertical
sampling interval used in the SSPEA. The sound speed and density of each
layer ls adjusted so Ehat the equtvalent bottom has the "correct" botEom
reflectlon properties. That is, the equivalent bottom should have the same
plane wave reflectlon coefficlent as a function of grazing angle as the
actual ocean bottom. In addition, restrictions on the maximum change in
sound speed and attenuation between adjacent layers insures that range
steps in the SSPEA can be kept as large as possible. Also, insofar as
scaEEering effects can be incorporated into Lhe reflection coefflcient,
they are automatically transferred to the sound level calculation.
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A HIGH FREQI]ENCY RAY BASED PAMBOLIC EQUATION

Frederlck D. Tappert
Unlversity of Mianl

RSMAS
4600 Rickenbacker (St{Y)'

l'llanl, tr'L 33149

No abstract IJas submLtted for thts presentatlon.

IT'{PEDANCE FORI'{UI.ATION OF TIIE BOTTOU BOI]NDARY CONDITION
FOR TrrE PARABOLIC EQUATIoN MoDEL IN IINDERWA1ER ACOUSTICS

John S. Papadakls
Department of I'lathematlcs
Universlty of Rtrode Island

I0ngs ton, RI 0 2881

In lmplenentlng lmpedance condLtlons along the bottom l-nterface for
the parabolic equatLon, tt ls assraed that the subbottm reglon le homo-
geneous, semL-lnflnlte and the fleld satLsfies a radiation conditton at
Z=@.

The derlved Lmpedance ls a condltlon on the total parabollc fteld
p(rr zB), and ln the forn of an lntegral equatLon along the bottom Lnter-
face z=zB

p (r, zg) =

l) (r s)
s)\ p" (s , zu) ds ,

where Og/e are the densltles ln the botton/water , k;2 f f /co and ng ls
the lndex of refraction in the bottom'

The lntegral equatLon ls approximated by a flnite sum and ts incor-
porated in "n inplictt flnlte dlfference algorithn for the parabollc

"q""tLon. The resultJ.ng nodel advances the parabollc fleld only Ln the
water colunn and does not requl-re the lntroductLon of an artlflcLal sub-
bottom layer.

Research ls ln progress on nodels wtth sloplng botton Lnterfaces as
well as elastlc subbottom effects.I

I
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PERUSE: A PE CODE INCTI,DING ROUG:TI SURFACE SCATTERING

Lewls B. Dozler
Sclence ApplicatLons, Inc.

1 710 Goodrldge Dr.
P. 0. Box 1303

Mclean, VA 22IOz

A new model has recently been developed whlch treats rough surface
scatterlng ln the context of PE. The surface Ls assumed to be piecewise
llnear and frozen ln time. A sequence of conformaL mappLngs Loca11y flat-
tens each llnear surface segment, whereupon the spllt-step FourLer algo-
rlthm can advance the solutl.on for one step Ln each transformed space.

NumerLcal PERUSE (PE Rough Surface) resul-ts for surface ducts are
analyzed by resolvlng t6en Tn-depEh 1nt6- Labl,ancat s vlrtual modes ( "node-
natchlng"). The resultlng nodal lntensLtles are then plotted as a f unctl.on
of range, and decay rates are estlmated for each mode. ComparLson wtth
slnple Rayleigh theory shows no obvlous comelation. A fullwave coupled
mode model ls currentLy being lnveitlgated to orplain the PERUSE results.

PROPAGATION MODELING WITH TIIE PARABOTIC EQUATION

F. B. Jensen and W. A. Kuperman
SACLANT AStd Research Centre

La Spezla, Italy

A series of basLc propagation problems are solved uslng the par^abollc
equatlon. Flrst lte show results of some mode coupllng studLesr,z com-prislng propagatlon ln a wedge-shaped ocean (up-sLope and down-slope) and
propagation ln a shallow-water channel wlth an abrupt prof1Le change.
Then IJe apply the PE nodel to study LJ-oyd-nLrror patterns. These results
are interestlng slnce ne here obtaln fleld plots that expllcltly show theeffect of the smaLl-angle approxlmatlon inherent ln the PE technlque. Inthls connection ne also study the dlffraction of Lloyd-nlrror beams overthe top of a wedge. Flnally, we demonstrate the appLlcatlon of PE theoryto nodellng sound propagation over a seatrount. Here, theory ls compared
wt th broadband o<perimental data .

1. F. B. Jensen and W. A. Kuperman, "Sound propagatLon in a wedge-shaped
ocean wlth a penetrable bottomr" J. Acoust. Soc. Am. 67, L564-L566 (1980).

2. F. B. Jensen and W. A. Kuperman, "Range-dependent bottom-l-tnlted propa-
gatlon modellng wtth the parabollc equatlon", ln Bottom-Interacttng Ocean
Acouetlcs, edlted by W. A. Kuperman and F. B. .le
York, 1980) pp . 45L-466.
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BTL

ARRAY PROCESSOR PE

J. D. Seals
Bell Telephone Laboratory

Whippany Road
Whippany, NJ 07981

The BTL version of the parabolic code (APPE) was developed to provide
production runs with turnaround tlmes on the order of minutes rather than
hours. This li/as achieVed by careful lnplementation of the code on an AP-
l90L array processor lnterfaced to an UNIVAC 1108 host. The full potentlal
of the array processor was realTzed only by wholly inplementtng the P.E.
approximation and step size algorithrn ln the array processor. While Ehe
array processor propagates the code forward one or more steps, the host
seEs up physical input for the next step(s). I{hen Ehe array processor
finlshes Lhe propagation, a minimal IlO exchange occurs and the process
repeats until completion. A pre-cursor routine looks ahead to warn of
major changes ln physical properties so that step reduction occurs before
rather than after the fact.

Mditlonal features of Ehe BTL code include both linear and trlangu-
lar secEors lnterpolation of v.locity profiles, range dependent Q-1 and
bottom sound speed gradients, pseudo discontlnuitles at the water/sedirnent
irrterf ace, mtxed data units, f ul1 diagnosEie capab11lties, data checking,
linear and exponenEial averaging of TL data, and extensive graphic
capabilitl-es.

Although the current verslon of the code was developed for produc-
tion, its hlghly modular and structured format. provides an excellent basefor future program study and developmenE.
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DREP

A FINITE-DIFFERENCE PE MODEL

D. J. Thomson
Defence Research EstablishmenE Pactfic

FMO Victoria, B. C.
CANADA VOS lBO

A finite-difference scheme (hastily lnvoked for the NORDA workshop)
1s descrlbed for the so-called heEerogeneous formulationl of the para-
bolic equati-on, which allows for spatial varlation in the material prop-
erties. The sound-speed, denslty and absorption may be specified at each
grid polnt of a ftnite-difference mesh, and the (lnternal) boundary con-
ditions are everywhere satisfied implicitely. Discontinuities in material
propertles can be accommodated. The Crank-Nicolson algorithm is used to
march out Lhe nunerical solution to Ehe parabollc equatlon. A source
f unctlon, designed to be band-lirnlted ln vertical wavenumber, ls used to
begin Ehe solution process. Promising features of this approach include
Lhe ability to treat parabolic equatlons with variable coefficienEs, the
use of non-uniform step sizes in depth, and the,,possibility of adapting
recenEly developed absorbing boundary conditions z to l irnit the vertical
extent of the computational grid . trlhile not thoroughly tested ( or even
possibly debugged), the ne\{ code was applied to each of Ehe suggested tesE
problems.

lp. R. Ke11y, R. I^I. ward
41(1), pp. 2-27 ' (1976).
2R. w. clayton and B.
(1980).

, S. Treitel, and R. M. Alford. Geophysics, Vo1.

Engquist. Geophyslcs, Vol. 45(5), pp. 895-904'

NORDA

A FINITE ELEMENT HIGH ANGLE PE

K. E. Gilbert
Code 320

Naval Ocean Research and Development Activity
I,ISTL Station, MS 39529

The NORDA program solves the wave equation in Claerbout I s rational
linear approximation, i.e. a high-angle parabolic equation. The discrete
representat ion is based on the minimization of a Lagrangian in qrhich Ehe
verEical dependence of the acoustic field is wriEten explicitly in terms
of finite elements and the nodal values of the Pressure and vertical par-
ticle veloclty. Since the resulting wave equation is in Eerms of continu-
ous field variables, discontinuities in sound speed, attenuation and
density are easlly handled. This program presently treats only range lnde-
pendent environments. A normal mode sotution is used for the initial
f iel<l , and the radiaEion condition aE the bottom is approximated by a
"false" bottom. The program is irnplemented on the NORDA Cyber 17L
computer.
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Nosc

PARABoLTC EQUATTON COMPUTER PROGRAI,I

D. Gordon
Naval Ocean Systems Center

San Dlego, CL 92L52

Thls underwater acoustLc propagatLon l-oss progran ls a spltt-step
parabollc equatlon algorithm usl.ng an FFT wlth no correctlons or exten-
sLons. It ls deslgned to be started fron a nornal mode fleld lnput at any
desired range. Sound speed proflles are nornally entered as llnear layers
ln L/Cz. A constant attenuation can be added to any layer. The atLenua-
ating layer has a large value of attenuatlon at the botton of the attenu-
atlng layer, and decays exponenttally ln dB/Ar upwards so Ehat attenuatlon
ls negllglble at the top of the attenuatlng layer and above it. The oper-
ator speclfies Az, At, and Co, Outputs are prlntouts, storage on cards
or files, and plots.
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NRL-1

THE NRL PARABOLIC EQUATION PROGRAM PACKAGE FOR ACOUSTIC PROPAGATION

John S. Perkins and RalPh N. Baer
Naval Research LaboratorY

Washlngton, DC 20375

We solve the parabolic equation using the spllt-step technlque. The
program makes ful1 use of the vecto rizlng anC pipellnlng capabilities of
the Texas Instruments Advanced Scientific Computer (ASC) at NRL. It ls
avallable to the Navy sclentific communlty through the Navy Laboratory
Computer Network (NALCON). In our implementation we have included Ehe op-
tion to partially correct for the parabolic approximations IJ. A. DeSanto,
J. S. perklns, and R. N. Baer, J. Acoust. Soc. Am. 64, L664'L666 (L978)l'

In order to begin the range-stepplng algorithm, two prelirninary pro-
grams are used to speclfy the envlronment and generate an lnitial pressure
field. The first program reads envlronrnenEal data, lnterpolates sound-
speed profiles, writes the bathymetry and a 11st of proflles on a file,
and draws a profile/bathymetry plor and a sound-speed contour. The second
program writes a file containing the inltlal pressure field. The user can
choose from three alternaEives: (1) a normal mode calculation, (2) a func-
tional foru which ls Gaussian ln depth, or (3) supply a complex FORTRAN

function which will override the Gausslan. A plot of the lnitial field is
also generated.

In the main range-stepplng program, the sound speed in the bottom is
consEant in depth, but can vary with range. An optlon allows Ehe botEom
soun,J speed to vary so that a constant critical angle is malntained. Below
Ehe watlr/botEom interface, the square of the lndex of refraction is given
an exponentlally increasing imaglnary parE which effectively produces an
absorbing boundary at the bottom of the transform region'

The direct outputs of the main program are a listing and plot of
transrnlsslon loss versus range for selected depths ( the intensities can be
smoothed with a Gaussian average prior to converting to Eransmission
loss), and a solution flle. Other plots are available through auxiliary
plotting programs which read the solution file: (1) addlttonal transmis-
sion loss versus range plots, (2) transmlssi.on loss versus depth plots,
(3) histograms of transrnission loss values in a specified range-depth
region, an,:l (4 ) gray-scale contour plots of intensiEy as a f uncElon of
range and depth.

It is also possible to slmulaEe the performance of a tllted array of
hydrophones in the calculated pressure field. Thls ls done in an auxiliary
program which provides either gray-sca1e or isornetric plots of intensity
as a function of arrival angle and range from the source, and estlmates of
array signal gain and 3 dB width.
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NRL-2 AND NRL-3

VECTORIZED PE PROGRAI'{S

H. Brock
Naval Research LaboraEory

Washlngton, DC 20375

The currenc PE progran implements the solution of two differencparabolic approximatlons. The "standard" (Leontovich-Fock) parabolicapproximation (NRL-2) is solved ustng the Tappert-Harclin spllt-stepFourier algorithm. The second approximation, Tappertts Co independentequation (NRt-3) 1s solved with a ftnite difference algorithn thataLtenpts to match interFace conditions at boundaries. The finite differ-ence algorithn is currently under development, and a nurnber of problenshave noE been solved . The code make s use of the TI ASC ve.cLor hardwarewith expliclt in-line generation of vecEor instructions and, hence, is notreadily transporfable to other machtnes.

The split-step code is basically a vecto rrzeci version of the programdescribed in NORDA Technical Note 12, The AESD parabolic Equation Model,wi-th the following modificarions anrl aaalfionil-
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l. Data
vec tor Lzation .

2. The sine
are perforrned in
The fast Fourier
the btt reversal
implementations .

sEructures have been morlified for more ef fic ient

Eransfornns of the real and lmaglnary parts of the fieldparallel to reduce overhead ancl generate longer vectors .transform algorithn is a vector version that elininatespermutatlon sequence that is necessary in most scalar

3' Two source functions are available--a Gaussian or the filterfuncLion developed by sAr (Garon, Hanna and Rost).
4' The pseudo radiation conrlltion boundary is imposed by using a lowpass digital filter to attenuaEe the lasL quarter of Lhe transforn grid.
5' Triangular sector sound speed interpolatlon is used.
6' Two range step size estimates are maCe each step. In physical

s pace the range step size estlmate is base,l on the absolute value of theleading error Eenu (rhird order in range step) resulting from the assump-tion that the exPonential operators commute. In Fourier space a range stepestimate is derived from the range lnterference length corresponding tothe trighest vertical wavenumber component 50 dB below the spectral peak.(The Fourier sPace estinate was derlved by H. Garon of sAI.) The codeselects the minimum of the two step size esEimates.
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NUSC-1

NUSC IFD:K PE MODEL

*Inpllcl t Flnlte-Di f ference

D. Lee and G. Botseas
Naval Underwater SYstems Center

New London, CT 06320

A PE propagatlon loss nodel

The parabollc lrave equat lon ls solved by an IFD scheme

The code treats the propagation problem as an IBVP (Inttlal
Value Problem)

Sounrl speed prof lle can be supplted ln user I s format

Some bottom boundary conditlons are bullt-ln (sloplng botton

Userrs bottorn boundary condltlons are acceptable

Automatlc handltng of horlzontal interfaees

Boundary

case )

FORTRAI{ (NUSC VAX1I comPuter)

The wqrkshop test problems rilere solved by thls model uslng a GaussLan
starter and the artlficlal boEton technique '
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NUSC- 2

Tr{E SNAPE NoRMAI MODE MODEL FOR T}m PARABoLIC EQUATION

Davld H. l^Iood
Naval Underwater Systems Center

New London, CT 06320

A norrnal mode computer nodel for predlcting how sounrl travels in the
ocean generates solutions of the Helrnholtz equatlon. Such models can be
easily modifled to lnstead solve the Parabollc equation by changing a few
llnes of instructions. Such a modif led nor^rnal mode rnodel is usef ul f or
validatLon of other Parabollc equatlon models based on oEher, more gener-
ally applicable, numerlcal technlqu€s. This elfuninates two difficulttes
usually encountered in such valldaElon: Ehe llelnholtz equatlon has a dlf-ferent solution than the Parabolic equatlon, and the latter is sensitiveto a parameter that does not even enter lnto normal mode computations. A
normal mode model can be furEher modlfied to use any desired starting
values, which eltrninates another source of varlatlon in Ehe ouEpuEs ofParabolic .qg?tlon models. Roughly speaking, one merely replaces Ehefunctlons Ho(t/ (k r cos 0rr) that express Ehe range dependence of
each term of Ehe norrnal mode sum ln terns of Ehe horlzontal wave numberk cos 0r,: These functlons are replaced by the functions exp -I(I/2)kor(l-sinzOrr). As an example the SNAP nodel (SACLATITCEN Normal-
Mode Propagation model) of Finn B. Jensen and M. C. Ferla based on the
work of A. V. Newnan and F. Ingenlto was modlfled by Susan M. Bates ofSclence Consultants Incorporated of Newport, R.I., and renaned SNAPE.
Numerical results for some PE workshop problerns have been generated Eorboth Gaussian inltial data and mode-sum lnitial data. These examples andfurther detalls are glven in NUSC TM No. 811080.
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SACLANT

PAREQ

F. B. Jensen and H. R. IGol
SACLANT ASW Research Centre

LaSpe zLa, Italy

PAREQ(1'2) ls a parabollc equatLon model; the compuEer Program 93"din thffituay is a nodifted verslon of the one developed by AESD(3 ).
This nodel not only handles a varlable proflle ln depth and range but also
allows the bottom depth and botton structure to vary ln range. The bottom
ls characterized by a compresslonal speed proflle, denslty (the denslty
dlscontinuity ls smoothed uslng a hyperbollc tangent functLon as suggested
in Ref. 1) and attenuatlon whlch ls lncluded by uslng a complex sound
speed. The second layer of the bottom has constant acoustl.c Propertles.
There are trdo options for the lnittal fleld: Gaussian source or normal
modes . Thls model ls not only resLdent on a UNMC 1106 but also runs on
an FtP 21lD( conputer.

1. Tappert, F. D. The parabollc approximatlon method. In: Keller, J. B.
and Papadakls, J. S. eds Wave Propagation and UnderwateilAcoustics. Lec-
ture Nores ln Physlcs 7E New York, SprLnger-Ver1"g, L977 t 224-287 .

2. Jensen, F. B. and Krol, H. R. The use of the parabollc equatlon meEhod
in sound propagatLon nodellng, SACLANTCEN Sl'l-72. La Spezia, Italy ' SAC-
LANT ASW Research Centre, L975.

3. Brock, H. K. The AESD parabollc equaElon rnodel' NORDA TN-12. NSTL
Statlon, Mlss.l Naval Ocean Reserch and Development Actlvlty, L978.
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SAI-1

SAI PE

C. Spofford, L. Dozler, H. Garon, and R. Stieglttz
Sclence Appltcatlons, Inc.

1710 Goodrldge Dr.
P. 0. Box 1303

Mclean, VA 22L02

SAI PE ls based on the orlglnal AESD PE versLon wrltten by HarveyBrock. Changes ln the original verslon lnplemented |n SAIts pE:

1) A new source function. The orlglnal Gaussian beam source funcElonleft too much energy traveling aE steep angles and not enough energy trav-ellng at lower angles at the source. The new PE source funcElon is an lm-pulse response ln physical space (approximately a sinx/x) whic6 transformsto a filter functlon ln vertical \dave number space. Thls filter funcELonis very close to the wave number spectrum of a llrnlted aperture pointsource irlth most of the energy evenly dlstributed over the 19w wavenumbers and a roll-off in the hlgher wave numbers to prevent allasing.
2) A new range step calculatlon. This feature of SAIrs pE was instal-led to save computer tlme. Baslcally PE now calculates the maxlnum angleof energy propagatton and then delernlnes the lnterference length (trorr-lzontal) between energy travellng at thls angle and energy Eravelinghorizontally. This lnterference lengEh 1s the new range step. Thls algo-rtEhm avolds the necessity of calculating the thirrt order truncatlon errorterm (which ls too tLrne consumlng on our non-vectorlzlng rnachine) and pro-vtdes the same results.
3) CI'{OD. Cl"10D is a transform of the environnent, both the sound speedproflles and the lnput and output depths, ln order to reduce the parabolicphase velocity error.
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4) Botton optlons. SAI pE regular allows thesound speed proflle and attenuatlon function in
Eransmlsston loss versus grazlng angle curve.

user to speclfy either a
a sediment layer or a
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SAI-2

HIGH ANGLE PE

Robert R. Greene
Sclence Appllcations, Inc.

1710 Goodridge Dr.
P. 0. Box L303

Mclean, VA 22L02

High Angle PE ls a full-wave range dependent proPagatlon model
slmiLar tn concept to PE. It ls deslgned to handLe the dual probl-em of
bottorn-interactlon and hlgh angles of propagatlon up to about 45 degrees.
It 1s based upon an lnpllclt trtdlagonal range step and a cublc spllne
dlscretlzatlon ln the verticaL coordlnst€.

The most lnportant observatlon about the rnethod ls that slnce lt uses
a finite difference approach to the problem rather than the spllt-step al-
gorlthm, a fat better approxtmation to hlgh angle proPagatLon ls used ln
the forn of a "ratlonal paraboLLc" as opposed Eo "parabollc" approxlma-
atLon '

The nethod also allows an accurate treatment of strong gradLents ln
sound speed and dlscontlnulttes ln sound speed and denslty. Ttrese are Lhe
main dffflculties for PE ln modellng bottorn lnteractLon. Strong gradlenEs
are not a llnltatlon for a flnlte dlfference technlque because the solu-
tlon does nog depend on spLlttlng an operator lnto nearly commutlng parts.
Discontlnultles tn sound speed and denslty are treated accurately by
rnatching cublc spllnes at the lnterfac€s. The boundary conditLons of Ehe
wave equatlon are the natural ruatching condtttons for the spllnes.

The maJor appllcatlon of the method rtrill be over regions where bottorn
lnEeracElon and range dependent bathymetry are drivlng the problem. Ilowev-
Brr tt can be used to model long-range propagatlon. It should be particu-
larly approprlate for contlnental slope and shallow water aPpllcatLons.

The work ls currently belng funded by oNR code 485.
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URI

IMPEDANCE + IFD COMPUTER MODEL

John S. Papadakls
Dept. Math. Universlty of Rhode Island

Kingston, RI 02881

Test problens L-4 were run usl-ng an exper imental computer model,
consistlng of the implleit flnite-dlfference model presently under
development by D. Lee and G. Botseas NUSC, New London Lab. lnto which an
"impedance" subroutLne has been lncorporated. It should be polnted out
that the above IMPEDANCE+IFD compuEer model ls in the experimental stage
and under continuous evolution.

The impedance subrouEine calculates the field aE the advanced range
along Ehe bottom lnterface vla a weighted sum of lts normal derivative
along the interface fron range zero to the present range. This ellninates
the need of lntroducing an artif iclal bottqr ln the IFD rnodel, and the
field is advanced only in the water column. The lnpedance subroutine can
trace the fteld along horizontal bottom boundaries as well as sloping
bot toms .

ADVANTAGES of the impeciance approach versus introduc Elon of an
absorblng layer and a false bottom: (1) Problerns because of junp discon-
tinulttes along the bottom lnterface of denslty and sound. speed are elim-
inated slnce the domain of interest termlnates at the real boEEon. (2) The
questlon of how deep the false bottorn should be placed ls also elimlnated.
(3) The number of mesh points ln Lhe z-directlon is rnuch smaller (ln many
cases half , sl-nce often, in the false bottom approach the water depth ls
doubled). (4) The compuEer time ls substantlally improved since, by (a)
above a larger range step-slze can be used, and by (b) the number of
z-mesh polnts ls smaller.

DISADVANTAGES: (1) If Ehe whole weighted strrn is used then a larger
storage space ls needed. However, ln most applications because of the sizeof the wel-ghts, the sum is truncated and a constant number of terms 1s
used throughout the computation. (2) Because of the use of a sum, when the
intensity is very sna11 along the bottom boundary, numerical nolse is
introduce..l . This can be seen ln Test-Problem 1. Actually, the same dlsad-
vantage exists ln the spllt-step, namely; since every point ln the advan-ced range is calculated via a weighted sum of Ehe field at Lhe present
range, if the lnEensity ls down to a few significant figures nunerical
noise wilt be lntroduced. This problern does not appear in finite differ-
ence approach slnce a polnt at Ehe advanced range ls given in Eerms of notall Ehe polnts in the present range as in the spllt-step but ln terms ofonly three points. In other words the lmpedance as well as the split-step
being approximations of integral operators are global operators with the
above disadvantage where the flnite dlfference being an approximation of adifferentiat operator is a local operaEor.
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SNAP

SACI,ANTCEN NORMAL-MODE ACOUSTIC PROPAGATION MODEL

F. B. Jensen and M. C. Ferla
SACLANT ASW Research Centre

La SpezIa, Italy

SNAP (1) ls a normal-mode model based on a progr€rm orlginally de-
velopel- at the U.S. Naval Research Laboratory (2, 3); this program solves
Ehe eigenvalue problen by dlrect numerical inEegration of the depth depen-
dent equation. Computation time for some of the key subroutLnes has been
reduced and the program has been restructured to rtrn interactlvely on a
UNIVAC E)GC 8 system. The nodel allows for sllght range dependence by
enploying the aClabatic approxlnoation. SNAP was ortglnally deslgned for a
SfieTIow -rata. ott nors exlsts whlch handles hlgh-
frequency deep-water situatl-ons. Envl-ronmental lnputs are: arbitrary ve-
locity profile as function of depth (nultiple proflles for range-dependent
adlabatic computatlons) ln the water column, densl-ty, attenuatlon and
compressional velocity profile of sediment layer and denslty, shear and
compresslonal veloclty and shear and compressional aLLenuation of the
basement. At present, the existing output optlons are:loss vs. ranget
loss vs. depth, depth-averaged loss VS. range, depth-averaged loss vs'
frequency, contoured loss vs. depth and ranger contoured loss vs. fre-
quency and range, contoured depth-averaged loss vs. frequency and ranget
nodal group velocity vs. frequency, modal phase veloclty vs. frequency'
mode functlon vs. depth, phase of field vs. depth, lntenslty of field vs.
arrival angle, and sound speed vs. depth. The model has been compared with
other models (4) and has been tested agalnst various data sets (5)'

t. Jensen, F. B. and Ferlar M. C'
acoustic Propagation model ' SACLANTCEN
ASW Research Centre , L979 (AD A 067256).

3. Ingenito, F., Ferrls, R., Kupennan, W'
acoustics, summary report (first phase),
U.S. Naval Research LaboraEory, L978.

SNAP: the SACLANTCEN normal-mode
SM-l 21 . Ia Spezia, ItalY, SACLAM

A. and Wolf ; S.N. Shallow waEer
NRL Rpt 8L79, Washlngton D.C.,

Z. Miller , J. F. and Ingenl to , F. No rnnal mode FORTMN programs for cal-
culating sound propagatlon in the ocean, RL Memorandum RPt 307r , Washlng-
ton, D.C., U.S. Naval Research Laboratory, I975'

4. Jensen, F. B. and Kupennan, W. A. Envtronmental aeoustical modellng at
SACLANTCEN, SACLANTCEN SR-3 4, La Spe zia , Italy, SACLAI'IT ASW Research cen-
tre, L979 (AD A 081 853).

5. Fefla, M. C., Dfelni, G., JenSen, F. B. and KUperman, W' A' BfOadband
nodel/data comparlsons for acoustlc propagatlon in coastal waters. In: Ku-
perman, W. A. and Jensen, F. B. eds. Bottom-Interacting Ocean Acoustlcs'
New York, Plenum Press, 1980.



FFP

FAST FIELD PROGRAM

H. I{. Kutschale
Colunbla tlnlverslty

Pallsades, IIY

FFP (1, 2) ls a complete numerlcal solutlon of the range lndependent
rdave equatLon and hence lncludes the contlnuous part of the spectrum and
Ehe near fleld (dtstances greater than a wavelength). The nodel used in
thls study was developed at Cotunbia Universlty (2). The model lncludes
propagatlon of both compresslonal and shear naves and ls therefore also
sultable for seLsmic studtes. In the ortginal verslon, the depth dependent
part of the wave eqrration was solved using the Thonpson-Haskell matrix
rnethod where the water column ls dlvtded lnto lsoveLoc tty layers . An
updated verslon (3) alLows constant gradlent ln y2 (equivalent to L/c2
constant gradient) and therefore employs Alry fr:nctLons ln the Thompson-
I{askell matrLces lnstead of trLgonometrlc functions. The lnputs are the
same as that of the normal-mode rnodel (SMP). There are two posslble out-
puts: there ts the "lntegrand" pLot, whlch ls essentlally a plot of energy
vs. wavenumber and lt therefore has maxima correspondlng to the normal-
mode elgenvalues ln the dlscrete part of the spectrum. The maxlrna ln the
continuous portlon of the spectrum correspond to the so-called "vlrtual
modes." The second output ls loss vs. range; tt should be noted that the
present progr:m requLres a conplete new run for a change of source or re-
celver depth. Hence, loss contours over range and depth are noE practlcal
as compared to normal mode or PE methods.

1. DlNapoll, F. R. Fast fleld progran for multllayered medla, NUSC RepE.
4103. New Iondon, Conn., Naval Underwater Systems Center, L97L.

2. Kutschale, H. W. Rapld computatlon by wave theory of propagation loss
ln the ArcEic 0cean, Rept. CU-8-73. PalLsades, N.Y., Columbla Universlty,
L97 3.

3. Kutschale, I{. W. Unpubllshed cornmunLcatLon.
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